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7KLV SDSHU VWXGLHV FKHPLFDO UHDFWLRQ QHWZRUNV ZLWK SRO\�3/ NLQHWLFV� L�H� SRVLWLYH OLQHDU
FRPELQDWLRQV RI SRZHU ODZ NLQHWLFV� 7KH DQDO\VLV RI VXFK V\VWHPV LV PRWLYDWHG E\ WKH VWXG\ RI
9HOR] HW DO�� WKDW SURSRVHG WR DQDO\]H WKH G\QDPLFV RI (YROXWLRQDU\ *DPH 7KHRU\ PRGHOV XVLQJ
&KHPLFDO 5HDFWLRQ 1HWZRUN 7KHRU\ �&517� LQ WKH IRUP RI SRO\QRPLDO NLQHWLFV �32.�� 2XU
DSSURDFK LV EDVHG RQ WKH IDFW WKDW SRO\�3/ NLQHWLFV JHQHUDWH SRZHU ODZ G\QDPLFDO V\VWHPV�
ZKLFK YLD D PHWKRG UHFHQWO\ LQWURGXFHG E\ *� &UDFLXQ FDQ EH PDSSHG WR (0$. V\VWHPV�
7KHVH DUH WKH DQDORJXH RI PDVV DFWLRQ NLQHWLFV RQ (XFOLGHDQ HPEHGGHG JUDSKV �(�JUDSK�� 2XU
PDLQ VWUXFWXUDO UHVXOWV VKRZ WKH FRLQFLGHQFH RI WKH VWRLFKLRPHWULF VXEVSDFHV RI WKH RULJLQDO
QHWZRUN DQG LWV DVVRFLDWHG (�JUDSK DV ZHOO DV WKH FRQVHUYDWLRQ RI WKH SRVLWLYH GHSHQGHQF\�
ZKLFK LV D QHFHVVDU\ FRQGLWLRQ IRU WKH H[LVWHQFH RI SRVLWLYH HTXLOLEULD� +RZHYHU� RXU RYHUDOO
DQDO\VLV VKRZV &UDFLXQ�V PHWKRG LV RQO\ RI OLPLWHG XVH IRU VWXG\LQJ 3<. V\VWHPV VLQFH RQO\
YHU\ VSHFLDO NLQHWLFV UHIOHFW WKH VWUXFWXUDO SURSHUWLHV RI WKH RULJLQDO FKHPLFDO NLQHWLF V\VWHP�

.H\ZRUGV� &KHPLFDO 5HDFWLRQ 1HWZRUNV� (�JUDSK� 3RO\�3/ .LQHWLFV� SRZHU ODZ NLQHWLFV

,1752'8&7,21

3RO\�3/ NLQHWLFV �3<.� DUH NLQHWLF V\V�
WHPV FRQVLVWLQJ RI QRQ�QHJDWLYH OLQHDU FRP�
ELQDWLRQV RI SRZHU ODZ IXQFWLRQV� ,W FRQWDLQV
WKH VHW 3/. RI SRZHU ODZ NLQHWLFV DV ´PRQR�
3/ NLQHWLFV ZLWK FRHIILFLHQW ��µ /LNH 3/.� WKH
GHILQLWLRQ GRPDLQ RI 3<. LV WKH SRVLWLYH RU�
WKDQW බՒ� � +RZHYHU� DV VXEVHWV� WKLV PD\ EH
H[WHQGHG WR WKH ZKROH QRQ�QHJDWLYH RUWKDQWබՒଯ � 3<. DQG 3/. JHQHUDWH WKH VDPH VHWV RI
VSHFLHV IRUPDWLRQ UDWH IXQFWLRQV �6)5)�� WKH
SRZHU ODZ G\QDPLFDO V\VWHPV �RU *0$ V\V�
WHPV LQ %67 WHUPLQRORJ\��

$ SRO\�3/ NLQHWLFV LV UDWH FRQVWDQW�
LQWHUDFWLRQ GHFRPSRVDEOH� L�H� DQ HOHPHQW RI
UDWH FRQVWDQW�LQWHUDFWLRQ PDS GHFRPSRVDEOH
NLQHWLFV �5,'.�� )RU HDFK SRVLWLYH LQWHJHU ԗ�
WKH VHW 3<.Ս FRQVLVWV RI DOO SRO\�3/ NLQHWLFV
ZLWK ԗ SRVLWLYH WHUPV� 7KH VHW \3<.Ս]ԗ � �^
IRUPV D FRXQWDEOH FRYHULQJ RI 3<.�

7KH VHW RI SRO\QRPLDO NLQHWLFV �32.� ZDV
ILUVW LQWURGXFHG E\ 9HOR] HW DO� ������ IRU WKH
UHDOL]DWLRQ RI UHSOLFDWRU V\VWHP�EDVHG HYROX�
WLRQDU\ JDPHV ZLWK SRO\QRPLDO SD\RII IXQF�

&RS\ULJKW � ���� E\ 'H /D 6DOOH 8QLYHUVLW\
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WLRQV �PRVWO\ OLQHDU IXQFWLRQV�� 3RO\QRPLDO
NLQHWLFV UHVXOW LQ SRO\QRPLDO G\QDPLFDO V\V�
WHPV DV 2'(V� ZKLFK LV D FODVVLFDO DUHD RI UH�
VHDUFK LQ PDWKHPDWLFV� 7KH GRPDLQ RI GHIL�
QLWLRQ LV XVXDOO\ H[WHQGHG WR WKH ZKROH QRQ�
QHJDWLYH RUWKDQW� 7KH VHW RI QRQ�QHJDWLYH
HTXLOLEULD RI SRO\QRPLDO G\QDPLFDO V\VWHP LV
D VXEVHW RI DQ DOJHEUDLF YDULHW\ �DQG WKLV
PD\ EH D UHDVRQ IRU DOJHEUDLF JHRPHWU\ UH�
VHDUFKHUV WR EHFRPH LQWHUHVWHG LQ SXUVXLQJ
DSSOLFDELOLW\ RI WKHLU WKHRU\�� 9HOR] HW DO·V SUR�
SRVDO LV WKH IROORZLQJ�

7KH UHSOLFDWRU HTXDWLRQ LPSOLHV D
UHDFWLRQ QHWZRUN� LW FDQ EH ZULWWHQ
DV ԧՐ۾ � ԧՐ	ԕՐ	ԧ
  ᅿ	ԧ


ZKHUH ԧՐ LV WKH SURSRUWLRQ RI SOD\�
HUV XVLQJ VWUDWHJ\ Ԛ ԕՐ	ԧ
 LV WKHLU
ILWQHVV DQG ᅿ	ԧ
 � ௴ՓՎ�ȯ ԧՎԕՎ	ԧ

WKH DYHUDJH ILWQHVV RI WKH SRS�
XODWLRQ �GLOXWLRQ IORZ LQ FKHPL�
FDO UHDFWLRQV� UHSUHVHQWHG E\ ԧ �	ԧȯ w  ԧՓ
� 7KH UHDFWLRQ QHWZRUN
FRQVLVWV RI GHFD\ UHDFWLRQV RI WKH
IRUP ԧՐ ݂ � GXH WR WKH GLOX�
WLRQ WHUP ԧՐᅿ	ԧ
� 7KH SURGXF�
WLRQ WHUP ԧՐԕՐ	ԧ
 LPSOLHV FDWDO\WLF
UHDFWLRQV RI WKH IRUPԧՐ�Ԙȯ�ੈ�ԘՒ ݂ �ԧՐ�Ԙȯ�ੈ�ԘՒ
ZKHUH Ԙȯ w  ԘՒ DUH WKRVH VSHFLHV
WKDW DUH QHFHVVDU\ IRU Ԛ WR UHSOL�
FDWH� L�H�� ԕ	ԧ
 LV WKHVH VSHFLHV KDYH
SRVLWLYH FRQFHQWUDWLRQV LQ ԧ�

$V ZH ZDQW WR VHH WKLV FDVH LQ WKH ELJJHU VHW�
RXU LQWHUHVW WR VWXG\ WKH FRQFHSW RI LWV VXSHU�
VHW 3<. DULVHV�

6R IDU ZH KDYH LGHQWLILHG WKUHH ��� ZD\V
WR VWXG\ SRO\�3/ NLQHWLF V\VWHPV� )LUVW LV
WKH GLUHFW ZD\ WKDW GHDOV ZLWK WKH SURSRVHG
FRQFHSW RI 9HOR] HW DO� ������� ,Q WKLV IUDPH�
ZRUN� HYROXWLRQDU\ JDPHV ZLWK SRO\QRPLDO

SD\RII IXQFWLRQV OHDG WR SRO\QRPLDO NLQHWLF
V\VWHPV� 7KH FRQVLGHUDWLRQ RI WKH VXSHUVHW
RI SRO\�3/ NLQHWLFV� L�H� RI UHDO H[SRQHQWV
LQVWHDG RI MXVW QRQ�QHJDWLYH LQWHJHUV� FDPH
IURP WKH REVHUYDWLRQ WKDW ´VXPV RI SRZHU ODZ
IXQFWLRQVµ RFFXUUHG LQ SRZHU ODZ DSSUR[LPD�
WLRQV RI VRPH FDUERQ F\FOH PRGHOV �)RUWXQ HW
DO�� ����� ZKLFK ZHUH DQDO\]HG ZLWK &517
PHWKRGV� +HQFH� ZH SUHVHQW D VLPSOH G\QDP�
LFDOO\ HTXLYDOHQW UHSUHVHQWDWLRQ WR ZKLFK� LQ
WKH FDVH RI SRO\�3/ UHSOLFDWRU V\VWHPV� WKH
:HDNO\ 5HYHUVLEOH 7KHRUHP IRU DOO FRPSOH[
IDFWRUL]DEOH SRO\�3/ NLQHWLFV �3<�7,.� FDQ EH
DSSOLHG �7DODELV HW DO�� ������

6HFRQG LV YLD G\QDPLF HTXLYDOHQFH WR
SRZHU NLQHWLF V\VWHPV XVLQJ 6�LQYDULDQW
7HUPZLVH $GGLWLRQ RI 5HDFWLRQV �67$5� DS�
SURDFK� 67$5 �Ԉ�LQYDULDQW 7HUPZLVH $G�
GLWLRQ RI 5HDFWLRQV� LV D QHWZRUN VWUXFWXUH�
RULHQWHG DSSURDFK WR SRO\�3/ .LQHWLFV EDVHG
RQ WKH IROORZLQJ EDVLF REVHUYDWLRQ� IRU WKH
UDWH IXQFWLRQ ԀՎ	ԧ
 DQG IRU D UHDFWLRQ ԡՎ ԨՎ ݂ ԨՎ LQ D 3<. V\VWHP 	෭ Ԁ
 ZLWK෭ � 	ෲ  
 ZH KDYH ԀՎ	ԧ
 � ԚՎ	ԐՎȯԂՎȯ �w � ԐՎՍԂՎՍ
	ԨՎ  ԨՎ
 � ԚՎԐՎȯԂՎȯ	ԨՎ  ԨՎ
 �w � ԚՎԐՎՍԂՎՍ	ԨՎ  ԨՎ
 ZKHUH ԂՎՏ DUH WKH ԗ
SRZHU ODZ IXQFWLRQV IRU WKH ԘWK UHDFWLRQ� $
67$5 PHWKRG LQWURGXFHV DGGLWLRQDO GLIIHUHQW
UHDFWLRQ�V� IRU HDFK RI WKH ԗ LGHQWLFDO UHDF�
WLRQ YHFWRUV ԨՎ  ԨՎ LQ WKH VXP� 7KLV HQODUJHV
WKH VHWV RI UHDFWLRQV DQG FRPSOH[HV� VR WKH
QHZ &51 ෭ � 	ෲ  
 DQG QHZ NLQHWLFVԀ  බฌ� ݂ බซ DUH FRQVWUXFWHG� 2QH PHWKRG
IRFXVHV RQ WKH PXOWLSOHV RI WKH UHDFWLRQ YHF�
WRUV DQG WKH RWKHU RQH XVHV WKH PXOWLSOHV RI
WKH PD[LPDO VWRLFKLRPHWULF FRHIILFLHQWV�

/DVWO\ LV YLD &UDFLXQ�V PHWKRG ZKLFK LV
WKH VXEMHFW RI WKLV SDSHU� 6LQFH SRO\�3/ NL�
QHWLFV JHQHUDWHV SRZHU ODZ G\QDPLFDO V\V�
WHPV �FDOOHG ´SRO\QRPLDO G\QDPLFDO V\VWHPV
E\ &UDFLXQ IRU YDULRXV UHDVRQV�� WKH\ FDQ
EH UHSUHVHQWHG DV (�0$. V\VWHPV� 3RO\QR�
PLDO G\QDPLFDO V\VWHP FDQ EH UHJDUGHG DV
EHLQJ JHQHUDWHG E\ VRPH ´(XFOLGHDQ (PEHG�
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GHG *UDSKµ �DOVR FDOOHG (�JUDSK�� 7KLV SDSHU
DLPV WR GLVFXVV WKH GHWDLOHG GHVFULSWLRQ RI WKH
PDS 3<. WR (0$.� HVWDEOLVK VRPH QHWZRUN
SURSHUWLHV DQG SURGXFH UHVXOWV RQ SRVLWLYH
HTXLOLEULD RI 3<. V\VWHPV EDVHG RQ (0$.
UHSUHVHQWDWLRQV�

7KH SDSHU LV RUJDQL]HG DV IROORZV� ,Q 6HF�
WLRQ �� QHFHVVDU\ FRQFHSWV DQG SUHYLRXV UH�
VXOWV LQ &517 WKDW DUH QHHG WR XQGHUVWDQG
WKH ODWWHU VHFWLRQV DUH SUHVHQWHG� ,Q 6HF�
WLRQ �� WKH FRQFHSW RI (XFOLGHDQ (PEHGGHG
*UDSK ZLOO EH H[SORUHG� ,Q 6HFWLRQ �� D GH�
WDLOHG GHVFULSWLRQ RI WKH PDS 3<. �1� WR
(�*UDSK�(0$. ZLOO EH GLVFXVVHG� ,Q 6HF�
WLRQ �� VRPH QHWZRUN VWUXFWXUH UHODWLRQVKLSV
ZLOO EH HVWDEOLVKHG DQG LQ 6HFWLRQ �� UHVXOWV
RQ SRVLWLYH HTXLOLEULD RI 3<. V\VWHPV EDVHG
RQ (0$. UHSUHVHQWDWLRQV ZLOO EH SURGXFHG�
7KLV ZLOO EH IROORZHG E\ VHFWLRQV H[SORULQJ
3<. V\VWHPV ZLWK F\FOH WHUPLQDO� W�PLQLPDO
DQG 3<.�66. DVVRFLDWHG (0$. V\VWHPV�
/DVWO\� LQ 6HFWLRQ �� VXPPDU\ DQG FRQFOXVLRQ
RI WKH UHVXOWV ZLOO EH SUHVHQWHG�

)81'$0(17$/ &21&(376 2)
&+(0,&$/ 5($&7,21 1(7:25.6
$1' &+(0,&$/ .,1(7,& 6<67(06

&KHPLFDO UHDFWLRQ QHWZRUNV DQG NL�
QHWLF V\VWHPV

,Q WKLV VHFWLRQ� ZH GLVFXVV IXQGDPHQWDO FRQ�
FHSWV DQG UHVXOWV DERXW FKHPLFDO UHDFWLRQ QHW�
ZRUNV �&51� DQG FKHPLFDO NLQHWLF V\VWHPV
�&.6�� :H FRQVLGHU D &51 DV D GLJUDSK ZLWK
YHUWH[ ODEHOOLQJ� 2Q WKH RWKHU KDQG� RXU GLV�
FXVVLRQ RQ &.6 IRFXVHV RQ SRZHU�ODZ NLQHWLF
V\VWHP�

'HILQLWLRQ � $ FKHPLFDO UHDFWLRQ QHW�
ZRUN �&51� LV D GLJUDSK 	 
 ZKHUH HDFK
YHUWH[ KDV SRVLWLYH GHJUHH DQG VWRLFKLRPHWU\�
L�H�� WKHUH LV D ILQLWH VHW ෲ �ZKRVH HOHPHQWV DUH

FDOOHG VSHFLHV� VXFK WKDW  LV D VXEVHW RI ฌଯ�
(DFK YHUWH[ LV FDOOHG D FRPSOH[ DQG LWV FRRU�
GLQDWHV LQ බฌଯ DUH FDOOHG VWRLFKLRPHWULF FR�
HIILFLHQWV� 7KH DUFV DUH FDOOHG UHDFWLRQV�

:H GHQRWH WKH QXPEHU RI VSHFLHV ZLWK Ԝ�
WKH QXPEHU RI FRPSOH[HV ZLWK ԝ� DQG WKH
QXPEHU RI UHDFWLRQV ZLWK ԡ� $OVR� ZH GHQRWH
WKLV QRQHPSW\ ILQLWH FROOHFWLRQ RI UHDFWLRQV DV ୢ 	  
� :H LPSOLFLWO\ DVVXPH WKH VHWV
DUH QXPEHUHG DQG OHWෲ � \ԍȯ ԍɞ w  ԍՒ^  � \Ӹȯ Ӹɞ w  ӸՓ^

DQG  � \ԇȯ ԇɞ w  ԇ^
ZKHUH Ԝ ԝ DQG ԡ DUH WKHLU UHVSHFWLYH FDUGL�
QDOLWLHV� 7KXV� බฌଯ அ බՒଯ � &RQVLGHU WKH UHDF�
WLRQ ᅫԍȯ � ᅬԍɞ ݂ ᅭԍɘԍȯ ԍɞ DQG ԍɘ DUH WKH VSHFLHV� 7KH FRP�
SOH[HV DUH ᅫԍȯ �ᅬԍɞ DQG ᅭԍɘ� ,Q SDUWLFXODU�ᅫԍȯ �ᅬԍɞ LV FDOOHG WKH UHDFWDQW �RU VRXUFH�
FRPSOH[ DQG ᅭԍɘ WKH SURGXFW FRPSOH[�
7KH QXPEHU RI UHDFWDQW FRPSOH[HV LV GHQRWHG
E\ ԝ�

7KH VWRLFKLRPHWULF FRHIILFLHQWV DUH WKH
QRQ�QHJDWLYH FRHIILFLHQWV ᅫ ᅬ DQG ᅭ� 8QGHU
PDVV DFWLRQ NLQHWLFV �0$.�� WKH UDWH DW ZKLFK
WKH UHDFWLRQ RFFXUV LV JLYHQ E\ WKH PRQRPLDOԀ � Ԛԍᆕȯ ԍᆖɞ
ZLWK UDWH FRQVWDQW Ԛ � �� :H FDQ JHQHUDOL]H
WKLV E\ FRQVLGHULQJ SRZHU�ODZ NLQHWLFV� 7KH
UHDFWLRQ UDWH FDQ EHԀ � ԚԍՆȯ ԍՇɞ
ZKHUH Ԑ DQG ԑ FDQ EH DQ\ UHDO QXPEHU� :H
FDOO Ԑ DQG ԑ DV NLQHWLF RUGHUV� :LWKLQ D QHW�
ZRUN LQYROYLQJ DGGLWLRQDO VSHFLHV DQG UHDF�
WLRQV� WKH DERYH UHDFWLRQ FRQWULEXWHV WR WKH
G\QDPLFV RI WKH VSHFLHV FRQFHQWUDWLRQ DV

ԍ۾ � ৡৠৠয়
ԍɘੇ۾ԍɞ۾ԍȯ۾ ৢৣৣ � ԚԍՆȯ ԍՇɞ ৈৈৈৈে

ᅫᅬᅭੇ ৌোোোো � ੈ
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7KH UHDFWDQW PDS ᅻ   ݂  PDSV D UH�
DFWLRQ WR LWV UHDFWDQW FRPSOH[ ZKLOH WKH SURG�
XFW PDS ᅺ   ݂  PDSV LW WR LWV SURGXFW
FRPSOH[�

'HILQLWLRQ � 7KH OLQNDJH FODVVHV RI D &51
DUH WKH VXEQHWZRUNV RI D UHDFWLRQ JUDSK
ZKHUH IRU DQ\ FRPSOH[HV ӸՎ ӸՏ RI WKH VXEQHW�
ZRUN� WKHUH LV SDWK EHWZHHQ WKHP� 7KH QXP�
EHU RI OLQNDJH FODVVHV LV GHQRWHG E\ ӯ�
$ OLQNDJH FODVV LV VDLG WR EH D VWURQJ OLQN�
DJH FODVV LI WKHUH LV D GLUHFWHG SDWK IURP ӸՎ
WR ӸՏ DQG YLFH YHUVD IRU DQ\ FRPSOH[HV ӸՎ ӸՏ
RI WKH VXEQHWZRUN� 7KH QXPEHU RI VWURQJ
OLQNDJH FODVVHV LV GHQRWHG E\ Ԣӯ� 0RUHRYHU�
WHUPLQDO VWURQJ OLQNDJH FODVVHV� WKH QXP�
EHU RI ZKLFK LV GHQRWHG DV ԣ� DUH WKH PD[LPDO
VWURQJO\ FRQQHFWHG VXEQHWZRUNV ZKHUH WKHUH
DUH QR HGJHV �UHDFWLRQV� IURP D FRPSOH[ LQ
WKH VXEJUDSK WR D FRPSOH[ RXWVLGH WKH VXE�
QHWZRUN� 7KH WHUPLQDO VWURQJ OLQNDJH FODVVHV
FDQ EH RI WZR NLQGV� F\FOHV �QRW QHFHVVDULO\
VLPSOH� DQG VLQJOHWRQV �ZKLFK ZH FDOO ´WHUPL�
QDO SRLQWVµ��

([DPSOH � *LYHQ D FKHPLFDO UHDFWLRQ QHW�
ZRUN �&51��ԇȯ  �Ӷ ݂ ӷԇɞ  ӷ ݂ �Ӷԇȯ  Ӷ � �ӷ ݂ �Ӷ � ӷԇȯ  �Ӷ � ӷ ݂ Ӷ � �ӷ

$V REVHUYHG� Ԝ � � �VSHFLHV�� ԝ � � �FRP�
SOH[HV�� ԝ � � �UHDFWDQW FRPSOH[HV� DQG ԡ � �
�UHDFWLRQV�� $OVR� ZH KDYHෲ � \Ӷ ӷ^ � \Ӹȯ � �Ӷ Ӹɞ � ӷ Ӹɘ � Ӷ � �ӷ Ӹȃ ��Ӷ � ӷ^
7KH QXPEHU RI OLQNDJH FODVVHV LV WZR 	ӯ ��
 ෫ȯ � \ԇȯ ԇɞ^ DQG ෫ɞ � \ԇɘ ԇȃ^� %RWK
VXEQHWZRUNV DUH VWURQJ OLQNDJH FODVVHV ZKLFK
LPSOLHV WKDW WKH QXPEHU RI VWURQJ OLQNDJH
FODVVHV LV WZR �Ԣӯ � ���

'HILQLWLRQ � $ &51 LV FDOOHG
�� ZHDNO\ UHYHUVLEOH LI Ԣӯ � ӯ�
�� W�PLQLPDO LI ԣ � ӯ�
�� SRLQW�WHUPLQDO LI ԣ � ԝ  ԝ� DQG
�� F\FOH WHUPLQDO LI ԝ  ԝ � ��
7KH DERYH H[DPSOH LV ZHDNO\ UHYHUVLEOH� ԣ�
PLQLPDO DQG F\FOH WHUPLQDO�

7KH G\QDPLFDO V\VWHP RI WKH &51 RI RXU
UXQQLQJ H[DPSOH FDQ EH ZULWWHQ DVԇȯ ԇɞ ԇɘ ԇȃ۾ԍ �  ӷ۾Ӷ۾  �  � � � �� � � �  ੁৡৠৠয়

ԚȯɞӶՋȯȯԚɞȯӷՋɞȯԚɘȃӶՋɘȯӷՋɘɞԚȃɘӶՋȃȯӷՋȃɞ
ৢৣৣ � ԃԀ	ԧ
�

ԃ LV FDOOHG WKH VWRLFKLRPHWULF PDWUL[ DQGԀ	ԧ
 LV FDOOHG WKH NLQHWLF YHFWRU �RU NL�
QHWLFV�� 7KH SDLULQJ RI 	෭ Ԁ
 LV FDOOHG D
FKHPLFDO NLQHWLF V\VWHP �&.6�� 7KH NL�
QHWLFV DERFH EHORQJ WR SRZHU ODZ NLQHWLFV
ZKLFK KDYH WKH IRUP

ԀՎ	ԧ
 � ԚՎ ఃՎ�ȯ ԧԱՎՏ ԦԗԔԡԔ � ମ Ԙ ମ ԡ
ZLWK ԚՎ ୮ බՒ� DQG ӻՎՏ ୮ බ� 3RZHU ODZ NLQHWLFV
LV GHILQHG E\ DQ ԡ Ԝ PDWUL[ ӻ � <ӻՎՏ>� FDOOHG
WKHNLQHWLF RUGHUPDWUL[� DQG YHFWRU Ԛ ୮ බ�
FDOOHG WKH UDWH YHFWRU� $ SDUWLFXODU H[DP�
SOH RI SRZHU ODZ NLQHWLFV LV WKH ZHOO�NQRZQ
PDVV DFWLRQ NLQHWLFV ZKHUH WKH NLQHWLF RUGHU
PDWUL[ FRQVLVWV RI VWRLFKLRPHWULF FRHIILFLHQWV
RI WKH UHDFWDQWV� ,Q WKH UXQQLQJ H[DPSOH� ZH
DVVXPH SRZHU ODZ NLQHWLFV VR WKDW WKH NLQHWLF
RUGHU PDWUL[ LV Ӷ ӷ

ӻ � ৡৠৠয়
ԕȯȯ �� ԕɞȯԕɘȯ ԕɘɞԕȃȯ ԕȃɞ

ৢৣৣ ԇȯԇɞԇɘԇȃ 
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ZKHUH ԕՎՏ ୮ බ� +RZHYHU� LQ WKLV SDSHU� ZH DUH
PRUH LQWHUHVWHG LQ D NLQHWLF V\VWHP FRPSRVHG
RI QRQ�QHJDWLYH OLQHDU FRPELQDWLRQV RI SRZHU
ODZ IXQFWLRQV�

:H IXUWKHU GHFRPSRVH WKH VWRLFKLRPHWULF
PDWUL[ ԃ � :ULWLQJ WKH VWRLFKLRPHWULF FRP�
SOH[HV DV FROXPQ YHFWRUV RI WKH �PROHFXODU�
LW\� PDWUL[ Ԏ � ZH KDYHӸȯ Ӹɞ Ӹɘ ӸȃԎ �  � � � �� � � �  Ӷӷ 

&RQVLGHULQJ WKH GLJUDSK RI RXU &51� WKH
LQFLGHQFH PDWUL[

	ӾՆ
	ՎӱՏ
 � ছȯ ՎՋ Վ Վ ՙՍՊ ՊՆՈՙՆՓՙ ՈՔՒՕՑՊ՝ ՔՋ ՊՆՈՙՎՔՓ Տ ୮ ซȯ ՎՋ Վ Վ ՙՍՊ ՕՔՉ՚Ոՙ ՈՔՒՕՑՊ՝ ՔՋ ՊՆՈՙՎՔՓ Տ ୮ ซɱ ՔՙՍՊ՜ՎՊ
ZLOO EH ԇȯ ԇɞ ԇɘ ԇȃӾՆ � ৡৠৠয়

� � � �� � � �� � � �� � � � ৢৣৣ ӸȯӸɞӸɘӸȃ 
1RWH WKDW VWRLFKLRPHWULF PDWUL[ ԃ � Ԏ ӾՆ�

+HQFH� WKH VWRLFKLRPHWULF PDS ԃ  බ ݂ බՒ
LV GHILQHG DV WKH FRPSRVLWLRQ Ԏ ੋ ӾՆ� 7KH OLQ�
HDU VXEVSDFH RI බՒ GHILQHG E\ ӾԜ ԃ LV FDOOHG
WKH VWRLFKLRPHWULF VXEVSDFH� GHQRWHG DV Ԉ�

7KH OLQHDU WUDQVIRUPDWLRQ ӶՐ  බ ݂ බ
FDOOHG /DSODFLDQ PDS LV WKH PDSSLQJ GH�
ILQHG E\ӶՍԧ � ం	ՎӱՏ
୮ซ ԚՎՏԧՎ	ᆂՏ  ᆂՎ

ZKHUH ԧՎ UHIHUV WR WKH ԘՙՍ FRPSRQHQW RI ԧ ୮ බ
UHODWLYH WR WKH VWDQGDUG EDVLV� ,WV PDWUL[ UHS�
UHVHQWDWLRQ LV WKH ԝ  ԝ PDWUL[ VXFK WKDW	ӶՐ
ՎӱՏ �  ԚՏՎ Ԙԕ Ԙ ଈ ԙԚՏՏ  ௴ՓՎ�ȯ ԚՏՎ Ԙԕ Ԙ � ԙ

ZKHUH ԚՏՎ LV WKH ODEHO �FDOOHG WKH UDWH FRQ�
VWDQW� DVVRFLDWHG WR WKH UHDFWLRQV 	ԙ Ԙ
 ୮ �

/HW Ԣ � EJN �Ԉ� 7KH GHILFLHQF\ ᅮ LV GH�
ILQHG DV ᅮ � ԝ  ӯ  Ԣ� 7KLV QRQ�QHJDWLYH LQWH�
JHU LV� DV 6KLQDU DQG )HLQEHUJ ������ SRLQWHG
RXW� HVVHQWLDOO\ D PHDVXUH RI WKH OLQHDU GH�
SHQGHQF\ RI WKH QHWZRUN·V UHDFWLRQV� ,Q WKH
UXQQLQJ H[DPSOH� WKH GHILFLHQF\ RI WKH QHW�
ZRUN LV � VLQFH ԝ � � ӯ � � DQG Ԣ � �� ,W LV
DQ LPSRUWDQW SDUDPHWHU LQ &517 LQ HVWDE�
OLVKLQJ FODLPV UHJDUGLQJ WKH H[LVWHQFH� PXO�
WLSOLFLW\� ILQLWHQHVV DQG SDUDPHWUL]DWLRQ RI
WKH VHW RI SRVLWLYH VWHDG\ VWDWHV� GHILQHG DVӺ�	෭ Ԁ
 � \ԧ ୮ බՒ� ]ԃԀ	ԧ
 � �^�

+RUQ DQG -DFNVRQ ������ LQWURGXFHG D
VXEVHW RI Ӻ� FDOOHG WKH VHW RI FRPSOH[ EDO�
DQFHG RI HTXLOLEULD GHQRWHG DV ԏ�� $ NL�
QHWLF V\VWHP LV FRPSOH[�EDODQFHG DW D VWDWH
�L�H� D VSHFLHV FRPSRVLWLRQ� LI IRU HDFK FRP�
SOH[� IRUPDWLRQ DQG GHJUDGDWLRQ DUH DW HTXL�
OLEULXP�

'HILQLWLRQ � $ SRVLWLYH YHFWRU F LQ බՒ LV
FDOOHG FRPSOH[ EDODQFHG �&%� LIԀ	Ԓ
 LV FRQ�
WDLQHG LQ ԚԔԡ ӾՆ� $ FKHPLFDO NLQHWLF V\VWHP LV
FDOOHG FRPSOH[ EDODQFHG LI LW KDV FRPSOH[
EDODQFHG HTXLOLEULD�

:LWK UHJDUGV RI EHLQJ FRPSOH[ EDODQFHG RI
D FKHPLFDO NLQHWLF V\VWHP� WKH IROORZLQJ DUH
WZR NQRZQ SURSRVLWLRQV�

3URSRVLWLRQ � ,I D FKHPLFDO NLQHWLF V\VWHP
KDV D FRPSOH[ EDODQFHG VWHDG\ VWDWH� WKHQ WKH
XQGHUO\LQJ &51 LV ZHDNO\ UHYHUVLEOH �+RUQ�
������

3URSRVLWLRQ � ,I D FKHPLFDO NLQHWLF V\VWHP
KDV GHILFLHQF\ �� WKHQ LWV HTXLOLEULD DUH DOO
FRPSOH[ EDODQFHG �)HLQEHUJ� ������
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3RO\�3/ .LQHWLFV �3<.�

3RO\�3/ NLQHWLFV �3<.� DUH NLQHWLF V\VWHPV
FRQVLVWLQJ RI QRQ�QHJDWLYH OLQHDU FRPELQD�
WLRQV RI SRZHU ODZ IXQFWLRQV� 3RZHU ODZ
NLQHWLFV LV D VXEVHW RI 3<. UHSUHVHQWHG DV
´PRQR�3/ NLQHWLFV ZLWK FRHIILFLHQW �µ�

$IWHU VHWWLQJ WKH VWDQGDUG RUGHULQJ RI
VSHFLHV ԍȯ w  ԍՒ� ZH KDYH WKH IROORZLQJ GHI�
LQLWLRQ�

'HILQLWLRQ � $ NLQHWLFV Ԁ  බՒ� ݂ බ LV D
SRO\�3/ NLQHWLFV LIԀՎ	ԧ
 � ԚՎ	ԐՎӱȯԧԱՎӱȯ � w � ԐՎӱՏԧԱՎӱՏ ���

ZKHUH � ମ Ԙ ମ� ZULWWHQ LQ OH[LFRJUDSKLF RUGHU
ZLWK ԚՎ ୮ බՒ� � ӻՎӱՏ ԐՎӱՏ ୮ බՒ DQG � ମ ԙ ମ ԗՎ
�ZKHUH ԗՎ LV WKH QXPEHU RI WHUPV LQ UHDFWLRQԘ�� 3RZHU�ODZ NLQHWLFV LV GHILQHG E\ ԡ  Ԝ PD�
WULFHV ӻՎӱՐ � <ӻՎՏ>� FDOOHG WKH NLQHWLF RUGHU
PDWULFHV� YHFWRUV Ԛ � <ԚՎ> ԐՎӱՏ ୮ බ�� FDOOHG
WKH UDWH YHFWRU DQG SRO\�UDWH YHFWRUV� UH�
VSHFWLYHO\�

$QRWKHU FRQFHSW RQ NLQHWLFV LV GHILQHG DV
IROORZV�

'HILQLWLRQ � $ UDWH FRQVWDQW�LQWHUDFWLRQ
PDS GHFRPSRVDEOH �5,'� NLQHWLFV LV D NL�
QHWLFV� VXFK WKDW IRU HDFK UHDFWLRQ ԡ� WKH FRRU�
GLQDWH IXQFWLRQ Ԁ  ဇ ݂ බ FDQ EH ZULWWHQ LQ
WKH IRUP Ԁ	ԧ
 � ԚӾԶ 	ԧ
� ZLWK D SRVLWLYH
UHDO QXPEHU Ԛ �FDOOHG D UDWH FRQVWDQW� DQGဇ ୮ බՒ� :H FDOO WKH PDS ӾԶ  ဇ ݂ බซ GH�
ILQHG E\ ӾԶ  DV WKH LQWHUDFWLRQ PDS DQG WKH
VHW RI NLQHWLFV 5,'.�

,Q WKH IROORZLQJ� ZH FRQVLGHU FRPSOH[
IDFWRUL]DEOH 3<. V\VWHPV� L�H� UHDFWLRQV
EUDQFKLQJ IURP D UHDFWDQW DOO KDYH WKH VDPH
LQWHUDFWLRQ PDSᆁՎ	ԧ
 � ԐՎӱȯԧԱՎӱȯ�w�ԐՎӱՏԧԱՎӱՏ ԦԗԔԡԔ � ମ Ԙ ମ ԝ�
:H VD\ WKDW D UHDFWDQW FRPSOH[ Ԩ LV D &)�
QRGH IRU Ԁ LI DQG RQO\ LW LV D &)�QRGH IRUԀՏ IRU HDFK ԙ DQG WKH FRHIILFLHQWV ԐՎӱՏ FRLQ�
FLGH IRU DOO UHDFWLRQV LQ LWV UHDFWLRQ VHW DQG IRU

HDFK ԙ� 0RUHRYHU� ZH H[WHQG WKH GHILQLWLRQ RI
UHDFWDQW GHWHUPLQHG SRZHU�ODZ NLQHWLFV �3/�
5'.� RI �7DODELV HW DO� � ����� WR SRO\�3/ NL�
QHWLFV�

'HILQLWLRQ � $ SRO\�3/ NLQHWLF V\VWHP KDV
UHDFWDQW�GHWHUPLQHG NLQHWLFV LI IRU DQ\
WZR UHDFWLRQV Ԑ ԑ ZLWK LGHQWLFDO UHDFWDQW
FRPSOH[HV� WKH FRUUHVSRQGLQJ FROXPQV RI NL�
QHWLF RUGHUV IRU HDFK ӻԶ DUH LGHQWLFDO� L�H��	ӻԶ
ՆՎ � 	ӻԶ
ՇՎ IRU Ԙ � � w  Ԝ�

:H DOVR QRWH WKDW WKH 3<. V\VWHPV ZLWK
UHDFWDQW�GHWHUPLQHG NLQHWLFV DUH SUHFLVHO\
WKH FRPSOH[ IDFWRUL]DEOH RQHV� )RU HDFK NL�
QHWLF RUGHU PDWUL[ ӻԶ ZKHUH � ମ Ԁ ମ ԗ� ZH
GHILQH WKH Ԝ  ԝ PDWUL[ ࣠ԎԶ GHILQHG DV�	 ࣠ԎԶ
ՎՏ � ९	ԱԶ
Վӱ ՎՋ Տ Վ Ն ՊՆՈՙՆՓՙ ՈՔՒՕՑՊ՝ ՔՋ ՊՆՈՙՎՔՓ Ӱɱӱ ՔՙՍՊ՜ՎՊ

$ 3/�5'. NLQHWLFV LV IDFWRU VSDQ VXUMHF�
WLYH LI DQG RQO\ LI DOO URZV ZLWK GLIIHUHQW UHDF�
WDQW FRPSOH[HV LQ WKH NLQHWLF RUGHU PDWUL[ )
DUH SDLUZLVH GLIIHUHQW�

(8&/,'($1 (0%(''(' *5$3+
�(�*5$3+� DQG (�0$. 6<67(0

&UDFLXQ ������ IRUPDOO\ LQWURGXFHG (X�
FOLGHDQ (PEHGGHG *UDSK DV IROORZV�

'HILQLWLRQ � $ (XFOLGHDQ HPEHGGHG
JUDSK �RU (�JUDSK� LV D ILQLWH RULHQWHG
JUDSK Ӽ � 	ԋ  Ӻ
 ZKRVH YHUWLFHV DUH ODEHOHG
E\ GLVWLQFW HOHPHQWV RI බՓ IRU VRPH ԝ ଯ ��

:LWK DQ DEXVH RI QRWDWLRQ� ZH LGHQWLI\ WKH
VHW ԋ ZLWK WKH VHW RI YHUWH[ ODEHOV� L�H�� ZH DV�
VXPH WKDW ԋ ୢ බՓ� 0RUHRYHU� ZH DVVRFLDWH
WR HDFK HGJH Ԕ � 	Ԣ ԣ
 ୮ Ӻ LWV HGJH YHFWRUԥ	Ԕ
 � ԣ  Ԣ� $OVR� ZH GHILQH LWV VRXUFH YHU�
WH[ WR EH Ԣ	Ԕ
 � Ԣ� DQG LWV WDUJHW YHUWH[ WR EHԣ	Ԕ
 � ԣ�

7KXV� DFFRUGLQJ WR WKLV IRUPXODWLRQ� DQ
(�JUDSK LV DOPRVW WKH VDPH DV WKH FRQFHSW
RI FKHPLFDO UHDFWLRQ QHWZRUN WKDW ZH LQWUR�
GXFHG�
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&UDFLXQ·V GHILQLWLRQ LV VOLJKWO\ PRUH VSH�
FLDO EHFDXVH DQ RULHQWHG JUDSK LV D GLJUDSK
ZLWK QR ��F\FOHV� +RZHYHU� WKH IRUPXODWLRQ
DERYH VHHPV MXVW D ELW RI VORSSLQHVV VLQFH
ODWHU LQ KLV SDSHU� KH VSHDNV RI UHYHUVLEOH (�
JUDSKV� %UXQQHU DQG &UDFLXQ ������ GHILQH
DQ (�JUDSK DV D GLUHFWHG JUDSK� QRW MXVW DQ
RULHQWHG JUDSK� 6R� DQ (�JUDSK LV UHDOO\ LGHQ�
WLFDO ZLWK D FKHPLFDO UHDFWLRQ QHWZRUN DV GH�
ILQHG DERYH�

&UDFLXQ LQWURGXFHG WKH FRQFHSW RI SRO\�
QRPLDO G\QDPLFDO V\VWHP� $Q\ DXWRQRPRXV
SRO\QRPLDO G\QDPLFDO V\VWHP �L�H�� V\VWHP RI
GLIIHUHQWLDO HTXDWLRQV ZLWK SRO\QRPLDO ULJKW�
KDQG VLGH� RQ WKH VWULFWO\ SRVLWLYH RUWKDQW ԇՓ�
FDQ EH UHSUHVHQWHG DVԓԧԓԣ � ՒంՎ�ȯ ԧՎԥՎ ���

ZKHUH ԧ � 	ԧȯ w  ԧՓ
 ୮ බՓ� � Ԣȯ w  ԢՒ DUH
VRPH YHFWRUV LQ Փଯɱ FDOOHG H[SRQHQW YHF�
WRUV� ԧՎ GHQRWHV WKHPRQRPLDO ԧՎȯȯ ԧՎɞɞ ੈ ԧՎՓՓ
DQG ԥȯ w  ԥՒ DUH YHFWRUV LQ බՓ� $ VROXWLRQ
RI ��� LV D IXQFWLRQ ԧ  Ӿ ݂ බՓ�ɱ WKDW VDWLVILHV
���� ZKHUH Ӿ LV DQ LQWHUYDO LQ බ�

+RZHYHU� KH EURDGHQHG WKH VFRSH RI WKH
WHUP WR LQFOXGH WKH ´SRZHU ODZ G\QDPLFDO V\V�
WHPµ FDVH� 1RWH WKDW� VLQFH WKH FRRUGLQDWHVԧȯ w  ԧՓ DUH SRVLWLYH� WKH PRQRPLDOV ԧՎ DUH
ZHOO�GHILQHG HYHQ LI WKH FRRUGLQDWHV RI WKH H[�
SRQHQW YHFWRUV ԢՎ DUH DUELWUDU\ UHDO QXPEHUV
�L�H�� Ԣȯ w  ԢՒ DUH QRW QHFHVVDULO\ LQ Փଯɱ
� ,Q
WKDW FDVH ZH VD\ WKDW (TXDWLRQ � LV D SRZHU�
ODZ G\QDPLFDO V\VWHP� 7KH DSSURDFKHV
DQG UHVXOWV GLVFXVVHG LQ WKLV SDSHU DSSO\ QRW
RQO\ WR SRO\QRPLDO G\QDPLFDO V\VWHPV� EXW
DOVR WR SRZHU�ODZ G\QDPLFDO V\VWHPV� ,Q WKLV
SDSHU� ZKHQHYHU ZH VD\ ´SRO\QRPLDO G\QDP�
LFDO V\VWHPµ� ZH PHDQ ´SRO\QRPLDO RU SRZHU
ODZ G\QDPLFDO V\VWHPµ�

$ IXUWKHU H[WHQVLRQ LV WR UHSODFH WKH FRQ�
VWDQW UDWH ZLWK D YDULDEOH �EXW ERXQGHG� IXQF�
WLRQ� ,Q RWKHU FDVHV� WKH LQWHUDFWLRQ QHWZRUN
ZH QHHG WR PRGHO LV SDUW RI D ODUJHU QHWZRUN
WKDW FRQWDLQV YDULDEOHV RU ´H[WHUQDO IDFWRUVµ
WKDW LQIOXHQFH RXU V\VWHP� EXW DUH QRW FRQ�

WDLQHG LQ RXU V\VWHP� ,Q WKDW FDVH ZH FDQ�
QRW XVH DQ DXWRQRPRXV G\QDPLFDO V\VWHP DV
D PRGHO� EXW ZH PD\ EH DEOH WR XVH D QRQ�
DXWRQRPRXV G\QDPLFDO V\VWHP RI WKH IRUPԓԧԓԣ � ՒంՎ�ȯ ԚՎ	ԣ
ԧՎԥՎ ���

ZKHUH WKH IXQFWLRQV ԚՎ DUH SRVLWLYH DQG XQL�
IRUPO\ ERXQGHG� L�H�� WKHUH H[LVWV VRPH ᅯ � �
VXFK WKDW ᅯ ମ ԚՎ	ԣ
 ମ ȯᆙ IRU DOO ԣ� :H ZLOO UHIHU
WR PRGHOV RI WKH IRUP ��� DV YDULDEOH�Ԛ SRO\�
QRPLDO G\QDPLFDO V\VWHPV�

1RZ� JLYHQ D (XFOLGHDQ HPEHGGHG JUDSKӼ � 	ԋ  Ӻ
� WKH SRO\QRPLDO G\QDPLFDO V\V�
WHPV JHQHUDWHG E\ Ӽ DUH WKH G\QDPLFDO V\V�
WHPV RQ බՓ� JLYHQ E\ԓԧԓԣ � ంՊ୮ ԚՊԧ	Պ
ԥ	Ԕ
 ���

IRU VRPH SRVLWLYH FRQVWDQWV ԚՊ� 1RWH WKDW LIԋ ୢ Փଯɱ WKHQ ��� LV MXVW PDVV�DFWLRQ NLQHWLFV
IRU D FKHPLFDO UHDFWLRQ QHWZRUN UHSUHVHQWHG
E\ Ӽ� L�H� RQH ZKHUH WKHUH LV D UHDFWLRQ RI WKH
IRUP Ԣ	Ԕ
 ݂ ԣ	Ԕ
 IRU HDFK HGJH Ԕ ୮ Ӻ�

:H H[SUHVV WKLV FRQVWUXFWLRQ LQ WHUPV RI
NLQHWLFV RQ D UHDFWLRQ QHWZRUN �RU (�JUDSK�
LQVWHDG RI G\QDPLFDO V\VWHPV� $OVR� WKH VDPH
GHILQLWLRQ RI D FKHPLFDO NLQHWLFV RQ DQ (�
JUDSK DV ZLWK D &51�

'HILQLWLRQ � $ NLQHWLFV Ԁ RQ D UHDFWLRQ QHW�
ZRUN �RU (�JUDSK� LV FDOOHG DQ (�0$. LI
IRU HDFK UHDFWLRQ �RU HGJH� ԀՊ	ԧ
 � ԚՊԧ	Պ
�
ZKHUH ԚՊ � � IRU DOO ԧ � ��

$Q\ SRZHU ODZ G\QDPLFDO V\VWHP FDQ EH
UHDOL]HG DV DQ (�0$. V\VWHP� ,Q SDUWLFXODU�
WKH NLQHWLFV LV 5'. �5HDFWDQW 'HWHUPLQHG.L�
QHWLFV� DQG )6. �)DFWRU 6SDQ 6XUMHFWLYH��

/HW XV QRWH WKDW IRU DQ\ YDULDEOH�Ԛ SRO\QR�
PLDO G\QDPLFDO V\VWHP ��� ZH FDQ FRQVWUXFW
DQ (�JUDSK Ӽ WKDW JHQHUDWHV LW� DQG Ӽ LV
QRW XQLTXH� $VVXPLQJ WKDW WKH RUGHUHG SDLUV	Ԣȯ ԥȯ
 	Ԣɞ ԥɞ
 w 	ԢՒ ԥՒ
 DUH GLVWLQFW� WKH VLPSOHVW ZD\ WR FRQ�
VWUXFW VXFK D Ӽ LV WR FKRRVH WKH VHW RI YHUWLFHVԋ � \ԢՎ]Ԙ � � w  Ԝ^ ૌ \ԢՎ � ԥՎ]Ԙ � � w  Ԝ^
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DQG WKH VHW RI HGJHVӺ � \	ԢՎ ԢՎ � ԥՎ
]Ԙ � � w  Ԝ^�
,I ZH ZDQW WR REWDLQ D GLIIHUHQW (�JUDSK

WKDW JHQHUDWHV ���� ZH FDQ� IRU H[DPSOH� ZULWH
RQH RI WKH YHFWRUV ԥՎ DV D SRVLWLYH OLQHDU FRP�
ELQDWLRQ RI WZR GLIIHUHQW QRQ]HUR YHFWRUV� DQG
XVH WKHVH QHZ YHFWRUV WR REWDLQ D JUDSK ZLWKԜ � � HGJHV WKDW DOVR JHQHUDWHV ����

1RWH WKDW LI ԢՎ DQG ԢՎ �ԥՎ DUH QRQ�QHJDWLYH
IRU DOO Ԙ� WKHQ WKH (�JUDSK LV D &51� DQG WKH
(�0$. UHDOL]DWLRQ LV D 0$.�UHDOL]DWLRQ�

([DPSOH � &RQVLGHU D G\QDPLFDO V\VWHPԓԧȯԓԣ � �Ԛȯ	ԣ
ԧȯ � �Ԛɞ	ԣ
ԧɞɞ ���ԓԧɞԓԣ � Ԛȯ	ԣ
ԧȯ  Ԛɞ	ԣ
ԧɞɞ
IRU VRPH IXQFWLRQV ԚՎ	ԣ
 ZLWK ᅯ � ԚՎ	ԣ
 � ȯᆙ IRU
DOO ԣ�

:LWK WKLV� ZH FDQ ZULWH WKH YHFWRU IRUP DV
IROORZV�ԓԧԓԣ � Ԛȯ	ԣ
ԧȯভ�� ম � Ԛɞ	ԣ
ԧɞɞভ ��ম ���

ZKHUH ԧ � ि՝ȯ՝ɞ ी� )ROORZLQJ ���� ZH FDQ H[SUHVV
WKH DERYH DV�

ԓԧԓԣ � Ԛȯ	ԣ
ԧȯভ�� ম � Ԛɞ	ԣ
ԧɞভ ��ম ���

ZKHUH Ԣȯ � िȯɱी DQG Ԣɞ � िɱɞी� 7KHQ� WKH VLP�
SOHVW (�JUDSKӼ WKDW JHQHUDWHV WKH G\QDPLFDO
V\VWHP ��� KDV WZR HGJHV� RQH HGJH IURP Ԣȯ WRԢȯ � Ԣȯ � िɘȯ ी � िȯɱी � िɘȯ ी � िɞȯ ी� DQG RWKHU
HGJH IURP Ԣɞ WR Ԣɞ � Ԣɞ � ि ɘȯी � िɱɞी � ि ɘȯी �िɘȯी LOOXVWUDWHG DV IROORZV�

'(7$,/(' '(6&5,37,21 2) 7+(
0$3 3<. 72 (�*5$3+�(0$.

:H FRQVLGHU WKH &UDFLXQ PDS Ԓ IURP
WKH VHW RI SRZHU ODZ G\QDPLFDO V\VWHPV RQ
3/'6 �DOVR GHVFULEHG DV SRO\QRPLDO G\QDP�
LFDO V\VWHPV� WR WKH VHW RI (XFOLGHDQ HPEHG�
GHG JUDSKV� ,W LV GHILQHG WR VDWLVI\ VRPH FRQ�
GLWLRQV LQ RUGHU WR DYRLG LPDJHV WKDW LQYROYH
WULYLDO JUDSKV� 7KLV LV WR HOLPLQDWH 3/'6 UH�
VXOWLQJ WR DQ (�JUDSK ZLWK RQO\ RQH YHUWH[�
1RWH WKDW� IRU Չ՝Չՙ � ௴ ԧՎՎ ԥՎ WR EH VDWLVILHG�
LW PXVW EH WKH FDVHV WKDW WKH RUGHUHG SDLUV	Ԣȯ ԥȯ
 	Ԣɞ ԥɞ
 w  	ԢՒ ԥՒ
 DUH GLVWLQFW�

'HQRWLQJ WKH 3/'6 VXEVHW VDWLVI\LQJ WKH
DERYH FRQGLWLRQ DV ԅԁӹԈԮ� ZH KDYH Ԓ ԅԁӹԈԮ ݂ (�*UDSK� (�*UDSK FRQVLVWV RI
SDLUV ෭ � 	ෲ  
 ZLWK ෲ � \ԧՎ^ DQG 
FDQ KDYH DUELWUDU\ UHDO FRHIILFLHQWV� 7KH HV�
VHQWLDO SURSHUW\ RI Ԓ LV WKDW ZLWK WKH (0$.
NLQHWLFV Ԁ� WKH FKHPLFDO NLQHWLF V\VWHP LV
LGHQWLFDO WR WKH SRZHU ODZ G\QDPLFDO V\VWHP�
&UDFLXQ ������ UHPDUNHG WKDW WKLV PDS LV QRW
´XQLTXHµ LQ WKH VHQVH WKDW WKHUH DUH PDQ\
RWKHU (�*UDSK UHSUHVHQWDWLRQV RI WKH SRZHU
ODZ G\QDPLFDO V\VWHP�

&RQYHUVHO\� JLYHQ DQ (�*UDSK� RQH FDQ
DOZD\V FRQVWUXFW D SRZHU ODZ G\QDPLFDO V\V�
WHP FRLQFLGLQJ ZLWK WKH ULJKW KDQG VLGH RI
WKH 2'(·V RI WKH DVVRFLDWHG (0$. V\VWHP
RI WKH (�*UDSK� 7KH VHFRQG FRPSRQHQW LV
JLYHQ WKH PDS IURP 3<. WR 3/'6� ZKHUH
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 LV D &51 DQG ෲ � \ԧՎ^�
ZKLFK DVVRFLDWHV WR SRO\�3/ NLQHWLFV WR LWV
FRUUHVSRQGLQJ 6)5)� L�H� WKH ULJKW KDQG
VLGH RI Չ՝Չՙ � ௴୮ซ Ԁ	ԧ
	Ԩ  Ԩ
� 1RWH
WKDW HDFK Ԁ LV D SRO\�3/ YHFWRU IXQFWLRQ�
&OHDUO\� WKLV VHFRQG PDS LV QRW VXUMHFWLYH�
7KH G\QDPLF HTXLYDOHQFH RI 	෭ Ԁ
 ZLWK
WKH (0$. V\VWHP LV DFFRUGLQJ WR GHILQLWLRQՉ՝Չՙ � ௴୮ซ Ԁ	ԧ
	Ԩ  Ԩ
 � ௴ ԧՎՎ ԥՎ� )RU DQ
LOOXVWUDWLRQ ZH KDYH�

6XSSRVH WKH IROORZLQJ DUH WKH 3<. RI D
&51 ZLWK WKH FRUUHVSRQGLQJ UHDFWLRQ YHFWRUVԀȯ	ԧ
 � ԚȯԧȃȯԧɱӰȁɞ � 	Ԩȯ  Ԩȯ
 � ভ��ম

Ԁɞ	ԧ
 � ԚɞԧɑȯԧȯӰɒɞ � 	Ԩɞ  Ԩɞ
 � ভ��ম�
7KH FRUUHVSRQGLQJ 6)5) LV JLYHQ E\ԓԧԓԣ � ԚȯԧȃȯԧɱӰȁɞ ভ��ম � ԚɞԧɑȯԧȯӰɒɞ ভ��ম�
:H FDQ H[SUHVV WKLV IRUP WR 3/'6 ZKHUHԧ � ि՝ȯ՝ɞ ी� 7KDW LVԓԧԓԣ � Ԛȯԧȯԥȯ � Ԛɞԧɞԥɞ�
ZKHUH Ԣȯ � ि ȃɱӰȁी� Ԣɞ � ि ɑȯӰɒी� ԥȯ � िɞɱी DQGԥɞ � िȯȯी�
7KLV LV DQ HTXDOLW\ EHWZHHQ WZR YHFWRU

PDSV බฌ ݂ බฌ� 2QH FDQ� KHQFH� VHW WKH FRRU�
GLQDWH IXQFWLRQV HTXDO VR WKDW FRQGLWLRQV RQ
WKH ԢՎ DQG ԥՎ� 7KHVH FRQGLWLRQV VSHFLI\ ZKHQ
DQ (�*UDSK �RU LWV DVVRFLDWHG (0$.� LV WKH
LPDJH RI D 3<. V\VWHP�

620( 1(7:25. 6758&785(
5(/$7,216+,36

$Q(�JUDSK LV DPRUH JHQHUDO FRQFHSW WKDQ
D &51 EHFDXVH WKH VWRLFKLRPHWULF FRHIILFLHQWV
RI DQ (�JUDSK PD\ EH DUELWUDU\ UHDO QXPEHUV�

ZKLOH WKRVH RI D &51 DUH UHVWULFWHG WR EH QRQ�
QHJDWLYH LQWHJHUV�

0DQ\ FRQFHSWV DQG UHVXOWV IRU &51V DOVR
KROG IRU (�JUDSKV� ,Q SDUWLFXODU� DOO FRQ�
FHSWV DQG UHVXOWV LQYROYLQJ RQO\ WKH GLJUDSK
VWUXFWXUH �DQG QRW WKH YHUWH[ ODEHOLQJ� DUH
YDOLG� VXFK DV WKRVH LQYROYLQJ FRQQHFWLYLW\�
)RU H[DPSOH� WKH FRQFHSWV LQYROYLQJ WHUPLQDO
FODVVHV VXFK DV F\FOH RU SRLQW WHUPLQDO� WKH
QXPEHUV ԣ� ԣՕ DQG ԣՈ� WHUPLQDOLW\� DQG WKHLU
UHODWLRQVKLSV DOO KROG ZLWKRXW DQ\ FKDQJH�

)URP QRZ RQ� WR KDYH D VWDQGDUG QRWD�
WLRQ� LI ෭ LV WKH XQGHUO\LQJ &51 RI D 3<. V\V�
WHP� ෭ GHQRWHV WKH DVVRFLDWHG (�JUDSK� :H
ZULWH Ԁ IRU WKH SRO\�3/ NLQHWLFV DQG Ԁ IRU
WKH DVVRFLDWHG (0$.� :H VKDOO FRQVLVWHQWO\
XVH WKH VXEVFULSW ´Ӻµ IRU DOO REMHFWV DVVRFLDWHG
ZLWK WKH (�JUDSK� H�J� Ԉ LV LWV VWRLFKLRPHWULF
VXEVSDFH� ᅮ LWV GHILFLHQF\� HWF�

7KH IROORZLQJ SURSRVLWLRQ H[WHQGV WKH JH�
RPHWULF LQWHUSUHWDWLRQ RI GHILFLHQF\ WR (�
JUDSKV �WKH SURRI LV LGHQWLFDO DQG H[WUDFWHG
IURP WKH SDSHU RI 0HQGR]D HW� DO ��������

3URSRVLWLRQ � 7KH GHILFLHQF\ ᅮ LV HTXDO WRԓԘԜ 	ԚԔԡ Ԏ ો ӾԜ ӾՆ 
�
3URRI�

%DVLF GLPHQVLRQDO FRQVLGHUDWLRQ LPSOLHVԓԘԜ	ԚԔԡ	Ԏ ӾՆ 

� ԓԘԜ	ԚԔԡ	ӾՆ 

 � ԓԘԜ	ԚԔԡ	Ԏ
 ો ӾԜ	ӾՆ 

�
)URP UDQN�QXOOLW\ WKHRUHP�ԓԘԜ	ԚԔԡ	Ԏ ӾՆ 

 � ԡԓԘԜ	ӾԜ	ԎӾՆ 

 � ԡԢ�

7KH UDQN RI ӾՆ  FRUUHVSRQGV WR WKH QXPEHU
RI FRPSOH[HV PLQXV WKH QXPEHU RI OLQNDJH
FODVVHV� VR WKDWԓԘԜ	ӾԜ	ӾՆ 

 � ԝ  ӯ�
,W IROORZV WKDWԓԘԜ	ԚԔԡ	ӾՆ 

 � ԡ	ԝӯ
 � ԡ�ӯԝ�
$QG� KHQFH�ԓԘԜ	ԚԔԡԎ ો ӾԜ ӾԬ 
� ԓԘԜ	ԚԔԡ	Ԏ ӾՆ 

  ԓԘԜ	ԚԔԡ	ӾՆ 
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  	ԡ � ӯ  ԝ
� ԝ  ӯ  Ԣ� ᅮ� !

:H QRZ H[WHQG WKH IXQGDPHQWDO UHODWLRQ�
VKLS EHWZHHQ UHDFWDQW GHILFLHQF\� ᅮᆥ  DQG
QHWZRUN GHILFLHQF\� ᅮ� WR (�JUDSKV� 7KH IRO�
ORZLQJ H[WUDFWV DUH WDNHQ IURP WKH SDSHU RI
0HQGR]D HW� DO �������

3URSRVLWLRQ � /HW Ӽ EH DQ (�JUDSK ZLWK GH�
ILFLHQF\ ᅮ DQG UHDFWDQW GHILFLHQF\ ᅮᆥ � 7KHQᅮ  ᅮᆥ  � ᅽ	Ӽ
  ԣՈ   င	Ӽ
�
,Q SDUWLFXODU�

�L� LI Ӽ LV F\FOH WHUPLQDO� WKHQ � ମ ᅮᆥ  ᅮ � ӯ � င	Ӽ
 ମ ӯ�
�LL� LI Ӽ LV SRLQW WHUPLQDO� WKHQ ᅮ  ᅮᆥ  �ᅽ	Ӽ
  င	Ӽ
�

�LLL� LI Ӽ LV SRLQW WHUPLQDO DQG F\FOH WHUPLQDO�
WKHQ ᅮ  ᅮᆥ  � ᅽ	Ӽ
  င	Ӽ
�

3URRI�ᅮ  ᅮᆥ  � ԝ  ӯ  Ԣ  ԝ  � Ԡ �ԝԝ ӯԢ�Ԡ � ᅽ	Ӽ
ԣՈင	Ӽ
�

�L� ,I Ӽ LV F\FOH WHUPLQDO� ԣՕ  � ԝԝ  �� ࡇ ԣ � ԣՈ  ࡇ ᅽ	Ӽ
  ԣՈ  � ӯ�
+HQFH� ᅮ  ᅮᆥ  � ӯ  င	Ӽ
� 6LQFHԇ � ӾԜ Ԏ� Ԡ � Ԓ ଯ Ԣ DQGင	Ӽ
 LV QHJDWLYH� 7KXV� ᅮᆥ   ᅮ �ӯ � င	Ӽ
 ମ ӯ� )RU WKH ORZHU ERXQG�ᅮᆥ  � ԝ  Ԡ � ԝ Ԡ ଯ ԝ Ԓ �ԓԘԜ ԚԔԡ Ԏ ଯ ԓԘԜ	ԚԔԡ Ԏ ો ӾԜ ӾՆ 
 �ᅮ�

�LL� ,I Ӽ LV SRLQW WHUPLQDO� ԣՈ  � �� KHQFH
WKH VLPSOHU IRUPXOD�

�LLL� ,IӼ LV SRLQW WHUPLQDO DQG F\FOH WHUPLQDO�
WKHQ ԣՈ  � �� ZKLFK LPSOLHV WKH LQHTXDO�
LW\�

!

6LQFH (0$. V\VWHPV DUH VLPLODU WR 0$.
V\VWHPV� WKHUH DUH PDQ\ UHVXOWV RQ 0$. V\V�
WHPV WKDW DUH HDVLO\ FDUULHG RYHU WR (0$.
V\VWHPV� 6RPH H[DPSOHV FDQ EH IRXQG LQ WKH
SDSHU E\ 0HQGR]D HW DO� ������� $ IXUWKHU H[�
DPSOH LV WKH IROORZLQJ HDUO\ UHVXOW IURP )HLQ�
EHUJ �������

3URSRVLWLRQ � ,I DQ (�*UDSK KDV ]HUR GH�
ILFLHQF\� WKHQ DQ\ SRVLWLYH HTXLOLEULXP LV
FRPSOH[�EDODQFHG�

3URRI�
5HFDOO WKDW ᅮ � ԓԘԜ 	ԀԔԡ Ԏ ો ӾԜ ӾՆ 
�

6LQFH ᅮ � �� WKH RQO\ YHFWRU LQ WKH LQWHUVHF�
WLRQ LV WKH ]HUR YHFWRU� +HQFH� LI ӾՆ 	Ԁ	ԧ

 LV
QRQ]HUR WKHQ LW LV QRW DQ HTXLOLEULXP� 7KXV�
WKH FODLP IROORZV� !

,I WKH SRZHU ODZ G\QDPLFDO V\VWHP LV
JHQHUDWHG E\ D SRO\�3/ NLQHWLFV� WKHQ RQH
FDQ VWXG\ WKH UHODWLRQVKLS RI SURSHUWLHV RI
WKH FKHPLFDO NLQHWLF V\VWHP 	෭ Ԁ
 DQG WKH
(0$. V\VWHP� ZKRVH UHDFWLRQ QHWZRUN ZH
GHQRWH ZLWK ෭�

:H FRQWLQXH WR DQDO\]H FRQQHFWLRQV EH�
WZHHQ QHWZRUN SURSHUWLHV RI 3<. DQG (0$.
V\VWHPV� 1RWH WKDW WKURXJK WKH XVH RI WKH
GRXEOH�LQGH[HG VXP QRWDWLRQ� LW EHFDPH FOHDU
WKDW WKH UHDFWLRQ YHFWRUV LQ WKH DVVRFLDWHG (�
JUDSK DUH QRW PHUHO\ OLQHDU FRPELQDWLRQV RI
WKRVH LQ WKH 3<. V\VWHP� EXW ZHUH VLPSO\
SRVLWLYH PXOWLSOHV�

/HW ԗՎ EH WKH QXPEHU RI WHUPV LQ WKH SRO\�
3/ NLQHWLF IXQFWLRQ IRU WKH ԘWK UHDFWLRQ RI ෭
ZKHUH Ԙ � � w  ԡ� /HW ԗ � ԜԐԧՎ ԗՎ� :H RU�
GHU WKH WHUPV LQ HDFK NLQHWLF IXQFWLRQ OH[LFR�
JUDSKLFDOO\ DQG GLYLGH WKH ODVW WHUP LQWR QHZ
WHUPV WR KDYH ԗ VXPPDQGV LQ HDFK IXQFWLRQ�
7KXV WKH 6)5) ԕ	ԧȯ w  ԧՒ� FDQ EH ZULW�
WHQ DV D GRXEOH VXP ௴Վ ௴Տ ԐՎՏԧԱՎՏ	ԨՎ  ԨՎ
�Ԙ � � w  ԡ DQG ԙ � � w  ԗ�



CRACIUN’S E-MAK METHOD                                                    M$*3$17$< (7 $/� ��

:H VKRZ WKDW WKH VWRLFKLRPHWULF VXEVSDFH
RI WKH JLYHQ QHWZRUN LV HTXDO WR WKH VWRLFKLR�
PHWULF VXEVSDFH RI WKH DVVRFLDWHG (�JUDSK�

3URSRVLWLRQ � /HW 	෭ Ԁ
 EH D 3<. V\VWHP
DQG ෭ WKH DVVRFLDWHG (�JUDSK� 7KHQ Ԉ �Ԉ�
3URRI� 5HFDOO WKDW Ԉ LV JHQHUDWHG E\ ԥՎՏ·V�
6LQFH ԥՎՏ � ԐՎՏ	ԨՎ  ԨՎ
 DUH WKH UHDFWLRQ YHF�
WRUV LQ ෭� LW FOHDUO\ IROORZV WKDW Ԉ � Ԉ� !

5HPDUN � 6LQFH WKH VWRLFKLRPHWULF VXE�
VSDFHV FRLQFLGH� WKH &UDFLXQ PDS FDQ EH
YLHZHG DV D WUDQVIRUPDWLRQ RI D 3<. V\VWHP
WR DQ (0$. V\VWHP�

:H DOVR XVH DERYH QRWDWLRQV WR SURYH WKH
IROORZLQJ SURSRVLWLRQ RQ SRVLWLYH GHSHQGHQF\�

3URSRVLWLRQ � ,I ෭ LV SRVLWLYHO\ GHSHQGHQW�
WKH ෭ LV SRVLWLYHO\ GHSHQGHQW�

3URRI� /HW ௴Վ ᅫՎ	ԨՎ  ԨՎ
 � � EH WKH SRV�
LWLYH GHSHQGHQF\ UHODWLRQ LQ ෭� 6LQFH ԥՎՏ �ԐՎՏ	ԨՎԨՎ
 DUH WKH UHDFWLRQ YHFWRUV LQ෭ � ZH
KDYH ௴Տ	௴Վ	 ᆕՎՆՎՏ 
ԥՎՏ
 � ௴Տ ௴Վ ᅫՎ	ԨՎ  ԨՎ
 ��� 7KLV PHDQV WKDW ෭ LV SRVLWLYHO\ GHSHQ�
GHQW� !

1RZ� ZH H[SORUH WKH XSSHU ERXQGV IRU WKH
GHILFLHQF\ RI WKH (�JUDSK� 7KHVH FRQVLGHUD�
WLRQV DUH LPSRUWDQW IRU WKH HIIHFWLYH XVH RI
FXUUHQW &517 UHVXOWV IRU WKH LQIHUHQFH RI
SURSHUWLHV RI 3<. V\VWHPV� 0RVW RI WKH FXU�
UHQW &517 UHVXOWV� ZKLFK FRXOG EH H[WHQGHG
WR (0$. V\VWHPV� DUH DERXW ORZ GHILFLHQF\
V\VWHPV�

,Q 3URSRVLWLRQ �� ZH VKRZHG WKDW IRU DQ
(�JUDSK� ᅮ � ԓԘԜ	ԀԔԡ Ԏ ો ӾԜ ӾՆ 
�

7KH EDVLV RI RXU UHVXOW LV DQ XSSHU ERXQG
IRU WKH QXPEHU RI FRPSOH[HV LQ WKH DVVRFL�
DWHG (�JUDSK� 'XH WR RXU ´ILOOLQJ XSµ FRQYHQ�

WLRQ� WKH QXPEHU RI GLVWLQFW NLQHWLF RUGHU YHF�
WRUV �WKH ӻՎՏ·V� LV DW PRVW ԗԡ� 6LQFH E\ DV�
VXPSWLRQ� HDFK ӻՎՏ OHDGV WR D GLVWLQFW UHDF�
WLRQ� ӻՎՏ ݂ ӻՎՏ �ԥՎՏ� LW LV DOVR DQ XSSHU ERXQG
IRU WKH QXPEHU RI UHDFWLRQV LQ ෭� 7KLV LQ�
IHUV WKH XSSHU ERXQG� ԝ ମ �ԗԡ� :H KDYH WKH
IROORZLQJ JHQHULF UHODWLRQVKLS�

3URSRVLWLRQ � ,I ෭ LV WKH XQGHUO\LQJ &51
RI D 3<. V\VWHP DQG ෭ LV WKH DVVRFLDWHG (�
JUDSK WKHQ ᅮ ମ ԗԡ  Ԣ�
3URRI� :H REVHUYH WKDW WKH VXE�
VSDFH 	ԀԔԡ Ԏ ો ӾԜ ӾՆ 
 LV FRQ�
WDLQHG LQ ӾՆ 	ԀԔԡ ԃ
� KHQFH ᅮ ମԓԘԜ ӾՆ 	ԀԔԡ ԃ
 ମ ԓԘԜ	ԀԔԡ ԃ
 �ԡ  Ԣ ମ ԗԡ  Ԣ� !

5HPDUN � $Q DOWHUQDWLYH SURRI LV WKH IROORZ�
LQJ� IURP WKH DERYH� ᅮ � ԝ  ӯ  Ԣ� :H
ILUVW FRQVLGHU WKH FDVH ԝ � �ԗԡ� L�H� QR YHU�
WLFHV FRLQFLGH� WKHQ ӯ � ԗԡ DQG ᅮ � ԗԡԢ� ,I
WZR YHUWLFHV FRLQFLGH� ERWK WKH QXPEHU RI YHU�
WLFHV DQG WKH QXPEHU RI OLQNDJH FODVVHV DUH UH�
GXFHG E\ �� KHQFH WKH GHILFLHQF\ UHPDLQV WKH
VDPH� :LWK HDFK IXUWKHU FRLQFLGHQFH RI YHU�
WLFHV� WKH QXPEHU RI YHUWLFHV LV UHGXFHG E\ ��
EXW WKH QXPEHU RI OLQNDJH FODVVHV PD\ EH UH�
GXFHG E\ � RU UHPDLQ WKH VDPH �LI WKH YHUWLFHV
DUH LQ WKH VDPH OLQNDJH FODVV�� KHQFH WKH GHIL�
FLHQF\ PD\ EH IXUWKHU UHGXFHG� EXW WKH XSSHU
ERXQG UHPDLQV YDOLG�

&RUROODU\ ��� ,I ԗԡ � Ԣ� WKHQ ᅮ � � DQGԗ � ��
5(68/76 21 326,7,9( (48,/,%5,$

2) 3<. 6<67(06 %$6(' 21
(�*5$3+�(0$. 5(35(6(17$7,216

7KLV VHFWLRQ LQFOXGHV GLIIHUHQW UHVXOWV WKDW
LQYROYH SRVLWLYH HTXLOEULD RI 3<. V\VWHPV
EDVHG RQ WKH DVVRFLDWHG (�JUDSK� :H ZLOO
VWDUW ZLWK WKH FDVH ZKHQ WKH DVVRFLDWHG (�
JUDSK RI D 3<. V\VWHP LV ZHDNO\ UHYHUVLEOH�
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3URSRVLWLRQ � ,I 	෭ Ԁ
 LV D 3<. V\VWHP
ZKRVH DVVRFLDWHG (�JUDSK LV ZHDNO\ UH�
YHUVLEOH� WKHQ WKHUH DUH UDWH FRQVWDQWV VXFK
WKDW 	෭ Ԁ
 KDV D SRVLWLYH HTXLOLEULXP�

3URRI� ,I 	෭ Ԁ
 LV D 3<. V\VWHP ZKRVH DVVR�
FLDWHG (�JUDSK LV ZHDNO\ UHYHUVLEOH� WKHQ WKH
UHDFWLRQ YHFWRUV �HGJH YHFWRUV� DUH SRVLWLYHO\
GHSHQGHQW� :LWK WKLV� IRU HDFK UHDFWLRQ �HGJH�	Ԣ Ԣ
� WKHUH H[LVWV D SRVLWLYH QXPEHU ᅴ	ӱ

VXFK WKDW ం	ӱ
୮ ᅴ	ӱ
	Ԣ  Ԣ
 � �� ���

6XSSRVH IRU ԃ � \ᅴ	ӱ
^݂୮ซ LV D VHW RI
SRVLWLYH QXPEHUV VDWLVI\LQJ ��� DQG VXSSRVHԒ ୮ ԇԾ� LV DQ\ SRVLWLYH FRPSRVLWLRQ�

:H DVVLJQ WR WKH QHWZRUN WKH VHW RI WKH
UDWH FRQVWDQWV \Ԛ	݂
^݂୮ซ WKDW VDWLVI\

Ԛ	݂
	Ԓ
 � ᅴ	ӱ
 Ԣ ݂ Ԣ ୮  ���

7KLV OHDGV XV WR FRQFOXGH WKDW WKHUH DUHԚ ୮ බ� VXFK WKDWԓԧԓԣ � ం	݂
 Ԛ	݂
	Ԓ
	Ԣ  Ԣ
 � �
+HQFH� 	෭ Ԁ
 KDV D SRVLWLYH HTXLOLEULXP� !

5HFDOO WKDW D 0$. V\VWHP LV ZHDNO\ UH�
YHUVLEOH DQG KDV ]HUR GHILFLHQF\ LI DQG RQO\ LI
LW KDV SRVLWLYH HTXLOLEULXP IRU HDFK FRQVWDQW�
7KH QH[W SURSRVLWLRQ LV DQ (0$. DQDORJXH
RI WKH VDLG 'HILFLHQF\ =HUR 7KHRUHP IRU 0$.
V\VWHPV� 7KLV LQYROYHV IDFWRU VSDQ VXUMHFWLYH
SRZHU ODZ NLQHWLFV �3/�)6.��

3URSRVLWLRQ �� ,I 	෭ Ԁ
 LV D 3<. V\VWHP
ZKRVH DVVRFLDWHG (�JUDSK LV WKH VHW RI NLQHWLF
FRPSOH[HV RI D ZHDNO\ UHYHUVLEOH �3/�)6.�
V\VWHP DQG KDV ]HUR GHILFLHQF\� WKHQ 	෭ Ԁ

KDV D SRVLWLYH HTXLOLEULXP IRU HDFK UDWH FRQ�
VWDQW�

3URRI� /HW 	෭ Ԁ
 EH D 3<. V\VWHP� 	෭ Ԁ

EH WKH DVVRFLDWHG (0$. V\VWHP� 	෭ Ԁ
 EH
D 3/�)6. V\VWHP DQG ෭࣠ EH WKH VHW RI NLQHWLF
FRPSOH[HV RI 	෭ Ԁ
� DOVR DQ (�JUDSK�

6XSSRVH ෭ EH D ZHDNO\ UHYHUVLEOH DQGᅮ	෭
 � ��
%\ RXU DVVXPSWLRQ� ෭ � ෭࣠ DQG ZHDNO\

UHYHUVLEOH� ,W IROORZV WKDW ෭ LV DOVR ZHDNO\
UHYHUVLEOH�

8VLQJ 0 ԤOOHU�5HJHQVEXUJHUۿ &ULWHULRQ
�0XOOHU 6� DQG 5HJHQVEXUJHU *�� ������� � ᅮ	෭
 � ᅮ	෭࣠
 � ࣠ᅮ	෭

LPSOLHV WKDW WKHUH H[LVWV D SRVLWLYH HTXLOLE�
ULXP IRU 	෭ Ԁ
 DQG KHQFH E\ G\QDPLF
HTXLYDOHQFH IRU 	෭ Ԁ
� !

,W LV WKHQ FOHDU WKDW ZHDNO\ UHYHUVLELOLW\ LV
DQ HVVHQWLDO SURSHUW\ WR KDYH D SRVLWLYH HTXL�
OLEULXP� 1RZ� LW LV LPSRUWDQW WR ILQG VXIIL�
FLHQW FRQGLWLRQV IRU 3<. WR KDYH D ZHDNO\ UH�
YHUVLEOH (�JUDSK� 7KH QH[W SURSRVLWLRQ JLYHV
D FRQGLWLRQ RI D 3/'6 WR JHQHUDWH D ZHDNO\
UHYHUVLEOH (�JUDSK� 7KH SURRI LV VLPLODU WR
WKH SURRI RI /HPPD ��� RI WKH H[SRVLWRU\ ZRUN
RI *XEEHUPDQ ������ RQ PDVV DFWLRQ V\VWHPV
DQG WKH GHILFLHQF\ ]HUR WKHRUHP�
3URSRVLWLRQ �� ,I D SRO\QRPLDO G\QDPLFDO
V\VWHP �3/'6� LV FRPSOH[ EDODQFHG WKHQ WKH
(�JUDSK Ӽ � 	ԋ  Ӻ
 WKDW JHQHUDWHV WKH V\V�
WHP LV ZHDNO\ UHYHUVLEOH�
3URRI� 6XSSRVH ԅԁӹԈ LV FRPSOH[ �YHUWH[� EDO�
DQFHG� 7KHQ WKHUH H[LVWV DQ (�JUDSK� Ӽ	ԋ  Ӻ

WKDW JHQHUDWHV WKH V\VWHP DQG WKHUH H[LVWV D
SRLQW ԧ۽ ୮ ԇՓ�ɱ VXFK WKDW IRU DQ\ YHUWH[ Ԣ ୮ ԋ
ZH KDYHంՊ�	ӱ
୮ ԚՊ ԧ۽ � ంՊ�	ӱ
୮ ԚՊ �ԧ۽ ����

&RQVLGHU D VXEVHW ෭ RI FRPSOH[ �YHUWH[�
LQGLFHV VXFK WKDW� LI Ԣ ୮ ෭ Ԣ ݂ Ԣ LPSOLHV
WKDW Ԣ ୮ ෭� 6XPPLQJ RYHU HOHPHQWV RI ෭ LQ
HTXDWLRQ ���� JLYHV



CRACIUN’S E-MAK METHOD 0$*3$17$< (7 $/� ��

ం୮ง ంՊ�	ӱ
୮ ԚՊ ԧ۽ � ం୮ง ంՊ�	ӱ
୮ ԚՊ �ԧ۽
����

&OHDUO\�

ం୮ง ం୮ง Ԛ	ӱ
 ԧ۽ � ం୮ง ం୮ง Ԛ	ӱ
 ԧ۽ ����

LV WUXH� VLQFH WKH OHIW�DQG�ULJKW�KDQG VXPV
DUH WKH VDPH� &RPELQLQJ WKHVH WZR HTXDWLRQV
JLYHV

ం୮ง ం୮ง Ԛ	ӱ
 ԧ۽ � ం୮ง ం୮ง Ԛ	ӱ
 ԧ۽
����

ZKHUH ෭ LV WKH VHW RI DOO FRPSOH[ LQGLFHV QRW
LQ ෭� +RZHYHU� E\ WKH GHILQLWLRQ RI ෭� WKH
ULJKW�KDQG VLGH RI HTXDWLRQ ���� LV ]HUR� VLQFH
QR FRPSOH[HV �YHUWLFHV� LQ ෭ UHDFW ZLWK FRP�
SOH[HV �YHUWLFHV� RXWVLGH ෭� 7KDW PHDQV WKDW
WKH OHIW KDQG VLGH RI WKH HTXDWLRQ LV DOVR ]HUR�
VR WKH FRQGLWLRQV RQ ෭ LPSO\ WKDW� LI Ԣ ୮ ෭
DQG Ԣ ݂ Ԣ� WKHQ Ԣ ୮ ෭ DV ZHOO�

1RZ� IRU D FRPSOH[ �YHUWH[� Ԣ� GHILQH WKH
VHW Ԣ� DVԢ� � \ԥ] WKHUH LV D GLUHFWHG SDWK IURP Ԣ WR ԥ

�Ԣ ࠴ ԥ
^�
7KLV VHW VDWLVILHV WKH SURSHUWLHV RI ෭

DERYH� VR LI Ԣ ݂ Ԣ� WKHQ Ԣ ୮ Ԣ�� &RQYHUVHO\�
DVVXPH Ԣ ࠴ Ԣ� WKHQ� WKH WUDQVLWLYLW\ RI WKH
RSHUDWLRQ ࠴ LPSOLHV WKDW Ԣ ࠴ Ԣ� VLQFH WKLV LV
WUXH IRU DOO Ԣ� WKH V\VWHP LV ZHDNO\ UHYHUVLEOH�
!

&RUROODU\ ���� ,I 	෭ Ԁ
 LV D 3<. V\VWHP
ZKLFK LV PDSSHG WR D FRPSOH[ EDODQFHG
3/'6� WKHQ WKH DVVRFLDWHG (�*UDSK LV ZHDNO\
UHYHUVLEOH�

7KH IROORZLQJ DUH H[WHQVLRQV RI WZR NQRZQ
WKHRUHPV IURP 0$. WR (0$. V\VWHPV�

3URSRVLWLRQ �� ,I DQ (0$. V\VWHP KDV D
FRPSOH[ EDODQFHG HTXLOLEULXP� WKHQ LWV XQ�
GHUO\LQJ QHWZRUN LV ZHDNO\ UHYHUVLEOH �+RUQ�
������

3URRI� 5HFDOO WKDW D GLJUDSK LV ZHDNO\ UH�
YHUVLEOH LI DQG RQO\ LI ԚԔԡ ӾՆ FRQWDLQV D SRVL�
WLYH YHFWRU� 7KLV LV WUXH DOVR IRU (�JUDSK� 7KH
LPDJH RI WKH DVVXPHG FRPSOH[ EDODQFHG HTXL�
OLEULXP LV VXFK D YHFWRU� KHQFH WKH QHWZRUN LV
ZHDNO\ UHYHUVLEOH� !

3URSRVLWLRQ �� ,I DQ (0$. V\VWHP KDV
]HUR GHILFLHQF\� WKHQ DQ\ SRVLWLYH HTXLOLEULXP
LV FRPSOH[ EDODQFHG �)HLQEHUJ� ������

3URRI� =HUR GHILFLHQF\ PHDQV WKDW ԀԔԡ Ԏ ોӾԜ ӾՆ  LV WKH QXOOVSDFH� KHQFH WKH LPDJH RI
DQ\ SRVLWLYH HTXLOLEULXPPXVW EH LQ ԀԔԡ ӾՆ �
!

3<. 6<67(0 :,7+ &<&/( 7(50,1$/
$1'

W�0,1,0$/ $662&,$7(' (0$.
6<67(06

,Q WKLV VHFWLRQ� ZH VWXG\ WKH SRO\�3/ NL�
QHWLFV ZKRVH DVVRFLDWHG (0$. V\VWHP LV WKH
VHW RI NLQHWLF FRPSOH[HV RI D ZHDNO\ UHYHUVLEOH
3/�)6. V\VWHP DQG KDV ]HUR GHILFLHQF\� ,W
IROORZV IURP WKH UHVXOWV RI0 ԤOOHUۿ DQG 5HJHQV�
EXUJHU ������ WKDW WKH (0$. V\VWHP KDV D
FRPSOH[ EDODQFHG HTXLOLEULXP IRU DQ\ VHW RI
UDWH FRQVWDQWV�

&KDUDFWHULVWLFV RI &\FOH 7HUPLQDO
$VVRFLDWHG (0$. 6\VWHPV

5HFDOO WKDW D GLJUDSK LV F\FOH WHUPLQDO LI DQG
RQO\ LI HDFK YHUWH[ LV D VRXUFH YHUWH[� L�H�ԝ � ԝ� 6LQFH ԝ  ԝ � ԣՕ� WKH QXPEHU RI
WHUPLQDO VWURQJ FRQQHFWHG FRPSRQHQWV WKDW
DUH VLQJOH YHUWLFHV� HTXLYDOHQWO\� LW LV D GL�
JUDSK ZKHUH ԣ � ԣՈ� L�H� DOO WHUPLQDO VWURQJ
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FRQQHFWHG FRPSRQHQWV DUH F\FOHV�

)RU WKH DVVRFLDWHG (�JUDSK� WKLV PHDQV
WKDW DOO WKH FRPSOH[HV DUH RI WKH IRUP ԢՎՏ�
ZKLFK OHDGV WR WKH IROORZLQJ VWUDLJKWIRUZDUG
3URSRVLWLRQ�

3URSRVLWLRQ �� $Q DVVRFLDWHG (�JUDSK ෭
LV F\FOH WHUPLQDO LI DQG RQO\ LI IRU HDFK ԢՎՏ�
WKHUH LV DQRWKHU ԢՐՑ ZLWK ԢՎՏԢՐՑ ୮ ԡՎ	ԨՎԨՎ
�ԡՎ ୮ බՒ� �

)RU D F\FOH WHUPLQDO GLJUDSK� Ԉ LV FRQ�
WDLQHG LQ ԇ DQG � ମ ᅮᆥ  ᅮ ମ ӯ� ,Q WKH QH[W
SURSRVLWLRQ� ZH SUHVHQW DQ XSSHU ERXQG RI WKH
GHILFLHQF\ RI D F\FOH WHUPLQDO (�JUDSK�

3URSRVLWLRQ �� )RU D F\FOH WHUPLQDO (�
JUDSK� ᅮ ମ ԗԡ  �  Ԣ�
3URRI� 1RWH WKDW WKDW ԗԡ LV DQ XSSHU ERXQG IRU
WKH QXPEHU RI ԢՎՏ·V � :LWK WKLV� ԝ ମ ԗԡ�

7KH IDFW WKDW ӯ ଯ � LPSOLHVᅮ � ԝ  ӯ  Ԣ ମ ԗԡ  �  Ԣ�
!

3URSHUWLHV RI W�PLQLPDO $VVRFLDWHG
(0$. 6\VWHPV

)RU ԣ�PLQLPDO (�JUDSKV� ZH KDYH WKH IROORZ�
LQJ H[WHQVLRQ RI WKH 6XEVSDFH &RLQFLGHQFH
7KHRUHP RI )HLQEHUJ DQG +RUQ �������

7KHRUHP �� ,I DQ (�JUDSK LV W�PLQLPDO�
WKHQ Ԁ � Ԉ�

3URRI� 6LQFH DQ Ӻ�JUDSK LV ԣ�PLQLPDO� WKDW LVԣ  ӯ � �� WKHQ ӾԜ ԎӶՐ � Ԉ IRU DOO Ԛ�
1RZ� ZH KDYH WR VKRZ WKDW Ԁ � ӾԜ ԎӶՐ�

2EVHUYH WKDW�Ԁ � ԢԟԐԝ	ӾԜ ԕ
� ԢԟԐԝ	ԎӶՐᆁ	ԇฌ

� Ԏ ੁ ӶՐ	ᆁ	ԇฌ

� ԎӾՆӾՐ	ԇᆥ	ซ

� ԎӾՆ ԓԘԐԖ	Ԛ
ᅻ	ԇᆥ	ซ

� ԎӾՆ ԓԘԐԖ	Ԛ
ᅻ	ԇ
� ԎӾՆӾՐ	ԇ
� Ԏ ੁ ӶՐ	ԇ
� Ԏ	ӾԜ ӶՐ
 � ӾԜ ԎӶՐ�
!

7KH SURRI LV DGDSWHG IURP 7KHRUHP � RI
WKH SDSHU RI $UFHR HW� DO �������

,Q D QRQEUDQFKLQJ QHWZRUN� ԝ � ԡ� ,I D
QHWZRUN LV QRQEUDQFKLQJ WKHQ LW LV ԣ�PLQLPDO�
1RZ� FRPELQLQJ WKHVH SURSHUWLHV WR D F\FOH
WHUPLQDO (�JUDSK� ZH KDYH WKH IROORZLQJ UH�
VXOW�

3URSRVLWLRQ �� ,I WKH (�JUDSK LV F\FOH WHU�
PLQDO DQG QRQEUDQFKLQJ� WKHQ ԝ � ԗԡ�
3URRI� ,I DQ (�JUDSK LV F\FOH WHUPLQDO� WKHQԝ � ԝ � 6XSSRVH LW LV DOVR QRQEUDQFKLQJ�
7KLV LPSOLHV WKDW ԝ  � ԡ � ԗԡ� +HQFH�ԝ � ԗԡ� !

6LQFH D ZHDNO\ UHYHUVLEOH QHWZRUN LV F\FOH
WHUPLQDO� 3URSRVLWLRQ �� LV WUXH IRU ZHDNO\ UH�
YHUVLEOH QRQEUDQFKLQJ (�JUDSK�

7+( $662&,$7(' (�0$. 6<67(06
2) $ &/$66 2) 3<.�66. 6<67(06

5HFDOO WKDW IRU D PRQR�3/ NLQHWLFV� FRP�
SOH[ IDFWRUL]DELOLW\ LV HTXLYDOHQW WR HTXDOLW\
RI WKH NLQHWLF FRPSOH[HV �DOVR FDOOHG ´NLQHWLF
RUGHU YHFWRUVµ RU ´LQWHUDFWLRQVµ IRU 3/. V\V�
WHPV� DQG FRHIILFLHQWV LI WZR UHDFWLRQV KDYH
WKH VDPH UHDFWDQW FRPSOH[� )DFWRU VSDQ VXU�
MHFWLYLW\ LQ DGGLWLRQ LV HTXLYDOHQW WR WKH FRQ�
YHUVH LPSOLFDWLRQ� )RU DQ\ FRPSOH[ IDFWRUL]�
DEOH NLQHWLFV� WKH QHWZRUN LV VSDQ VXUMHFWLYH LI



CRACIUN’S E-MAK METHOD                                                    0$*3$17$< (7 $/� ��

DQG RQO\ LI LW LV QRQEUDQFKLQJ DQG Ԁ LV IDFWRU
VSDQ VXUMHFWLYH�

)LUVW� ZH LQWURGXFH D QHZ WHUP DV IROORZV�

'HILQLWLRQ �� $ SRO\�3/ V\VWHP LV LQWHJUDO
LI DOO LWV FRHIILFLHQWV ԐՎՏ DUH SRVLWLYH LQWHJHUV�
)RU D PRQR�3/ V\VWHP� ZH ZULWH ԐՎ IRU ԐՎȯ�

:H VLPSOLI\ WKH GRXEOH LQGLFHV ´Ԙ�µ WR ´Ԙµ�
L�H� ӻՎ � ӻՎȯ� HWF� ZKHUH Ԙ � � w  ԡ�

,Q WKH QH[W SURSRVLWLRQ� ZH FRPSDUH V\V�
WHPV LQYROYLQJ LQWHJUDO PRQR�3/ NLQHWLFV�

3URSRVLWLRQ �� /HW ෭ � 	ෲ  
 EH D F\�
FOH WHUPLQDO &51� DQG ᅻ ᅺ   ݂ Ӹ WKH UH�
DFWDQW DQG SURGXFW PDSV� UHVSHFWLYHO\� )XU�
WKHUPRUH� OHW Ԁ EH DQ LQWHJUDO PRQR�3/ NL�
QHWLFV ZLWK WKH IROORZLQJ SURSHUWLHV�

L� Ԁ LV VSDQ VXUMHFWLYH�

LL� )RU HDFK Ԙ� ӻՎ � ӻՏ � ԐՏ	ԨՏ  ԨՏ
 IRU ԙ ଈ Ԙ
LI DQG RQO\ LI ᅺ	ԡՏ
 � ᅻ	ԡՎ
�

7KHQ WKH DVVRFLDWHG (�0$. V\VWHP෭ LV WKH
VHW RI NLQHWLF FRPSOH[HV RI WKH V\VWHP ෭ �	ෲ  
 ZKHUH  FRQVLVWV RI WKH UHDFWLRQVԡՎ  ԐՎԨՎ ݂ ԐՎԨՎ IRU HDFK ԡՎ  ԨՎ ݂ ԨՎ LQ  DQGԀՎ	ԧ
 � ȯՆՎ ԀՎ	ԧ
� 7KH QRQEUDQFKLQJ ෭�෭ DQG ෭ DUH LVRPRUSKLF DV GLJUDSKV� DQGԃ � ԃ ԓԘԐԖ	Ԑ
 DQG Ԁ � ԓԘԐԖ	 ȯՆ
Ԁ� ZKHUHԐ � 	Ԑȯ w  Ԑ
� VR WKDW DOO QHWZRUN DQG NL�
QHWLF SURSHUWLHV FRLQFLGH�

3URRI� &RQGLWLRQ �L� LQIHUV WKDW ෭ LV QHFHVVDU�
LO\ QRQEUDQFKLQJ� 7KH ILUVW SDUW LV WR VKRZ
WKDW ෭ அ ෭ அ ෭ DV GLJUDSKV�

�D� 1RWH WKDW WKH YHUWLFHV LQ ෭ DUH ӻՎ·V DQG
WKH DUFV WKH UHDFWLRQV ӻՎ ݂ ӻՎ � ԋՎ ZKHUHԋՎ·V DUH WKH UHDFWLRQ YHFWRUV ԐՎ	ԨՎ  ԨՎ
 IRU
HDFK UHDFWLRQ LQ ෭� ԡՎ  ԐՎԨՎ ݂ ԐՎԨՎ RI ԇ�
'HILQH ᅭ  ෭ ݂ ෭ ZKHUH ᅭ	ᅺ	ԡՏ

 � ӻՎ�
1RZ� FRQVLGHULQJ FRQGLWLRQ �LL�� LW ZLOO OHDG
WR ᅭ	ԋ 
 � ԋ DQG ᅭ	Ӷ
 � Ӷ �ᅭ	
 ��� 7KXV� ෭ அ ෭�

�E� $OVR� ZH GHILQH ᆂ  ෭ ݂ ෭ ZKHUH ᆂ	ԨՎ
 �ԐՎԨՎ� 7KLV LPSOLHV WKDW ᆂ	ԋ 
 � ԋ  DQGᆂ	Ӷ
 � Ӷ �ᆂ	
 � � ZKHUH Ӷ LV WKH
VHWV RI DUFV� +HQFH� ෭ அ ෭�
%\ �D� DQG �E�� ෭ அ ෭ அ ෭�
$V D UHVXOW� VLQFH ԡՎ  ԐՎԨՎ ݂ ԐՎԨՎ IRU HDFKԡՎ  ԨՎ ݂ ԨՎ LQ ԇ DQG ԀՎ	ԧ
 � ȯՆՎ ԀՎ	ԧ
 WKHQԃ � ԃ ԓԘԐԖ	Ԑ
 DQG Ԁ � ԓԘԐԖ	��Ԑ
Ԁ� ZKHUHԐ � 	Ԑȯ w  Ԑ
� !

5HPDUN � :H FDOO WKH VHW RI SRZHU ODZ NL�
QHWLFV IXOILOOLQJ �L� DQG �LL�� 3/�(6. �(6.  
(0$. 6LPLODU .LQHWLFV�� )RU WKHVH NLQHW�
LFV� ෭ � ෭� 0$. V\VWHPV DOZD\V VDWLVILHV
�LL� ,Q IDFW� IRU WKHVH� WKH &UDFLXQ PDS LV WKH
LGHQWLW\� L�H� 	෭ Ԁ
 � 	෭ Ԁ
� +RZHYHU�
RQO\ VSDQ VXUMHFWLYH 0$. V\VWHPV EHORQJ WR
0$.�(6.�

&RUROODU\ ���� )RU PRQR�3/ V\VWHPV VDWLV�
I\LQJ DVVXPSWLRQV �L� DQG �LL� RI 3URSRVLWLRQ ��
� ᅮ � ᅮ � ᅮ�

3URRI� 6LQFH ෭ � ෭ ԓԘԐԖ	Ԑ
� Ԉ � ӾԜ ԃ �ӾԜ ԃ � Ԉ � Ԉ� 6LQFH WKH GLJUDSKV DUH LVR�
PRUSKLF� ԝ  ӯ � ԝ  ӯ � ԝ  ӯ� ZKLFK
SURYHV WKH FODLP� !

:H FDQ FOHDUO\ H[WHQG WKH NLQHWLF GHIL�
FLHQF\ FRQFHSW RI 0�OOHU DQG 5HJHQVEXUJHU
IURP 3/. WR PRQR�3/ V\VWHPV� DQG FRQFOXGH
IURP WKH DERYH WKDW DOVR ᅮ � ࣠ᅮ � ࣠ᅮ� ,Q SDU�
WLFXODU� LI ԃ LV ZHDNO\ UHYHUVLEOH DQG KDV ]HUR
GHILFLHQF\� WKHQ LW KDV FRPSOH[ EDODQFHG HTXL�
OLEULD IRU HDFK VHW RI UDWH FRQVWDQWV� 'XH WR
WKH G\QDPLF HTXLYDOHQFH DQG HTXDO GHILFLHQF\
ZLWK ԃ� WKH ODWWHU DOVR KDV FRPSOH[ EDODQFHG
HTXLOLEULD IRU HDFK VHW RI UDWH FRQVWDQWV� ,I ԃ
KDV SRVLWLYH GHILFLHQF\� WKHQ WKH FULWHULRQ IRU
WKH H[LVWHQFH RI FRPSOH[ EDODQFHG HTXLOLEULD
RI 0 ԤOOHU�5HJHQVEXUJHUۿ IRU SRVLWLYH NLQHWLF
GHILFLHQF\ FDQ EH DSSOLHG�

$W WKLV SRLQW� ZH H[WHQG RXU VFRSH WR &)
LQWHJUDO SRO\�3/ V\VWHPV �ԗ � ��� :H ILUVW
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FRQVLGHU DQ H[DPSOH RI D EL�3/ V\VWHP WR DS�
SUHFLDWH WKH FKDOOHQJH RI H[WHQGLQJ WKH UH�
VXOW WR KLJKHU WHUP QXPEHUV �ԗ � ��� 7R
UHODWH QHWZRUN SURSHUWLHV WR LWV (0$.� ZH
QHHG WR EH DEOH WR PDS D UHDFWLRQ WR D FRQ�
VWUXFW LQ WKH ODWWHU� 2QH ZD\ WR GR WKLV LV WR
WDNH WKH SDLU �ӻՎȯ ӻՎɞ� RI UHDFWLRQ ԡՎ ZKLFK
ZH FDOO WKH NLQHWLF FRPSOH[ YHFWRU RI WKH UHDF�
WLRQ DQG UHTXLUH WKDW ӻՎɞ LV WKH SURGXFW RI WKH
UHDFWLRQ ZLWK UHDFWDQW ӻՎȯ� RU HTXLYDOHQWO\�ӻՎɞ � ӻՎȯ � ԥՎȯ � ӻՎȯ � ԐՎȯ	ԨՎ  ԨՎ
�

+RZHYHU� ZH LPPHGLDWHO\ VHH D SRWHQWLDO
GLIILFXOW\� LI WZR NLQHWLF FRPSOH[HV DUH HTXDO�
WKHQ WKH WRSRORJ\ RI WKH (�JUDSK ZLOO GLIIHU
�PD\EH VXEVWDQWLDOO\� IURP WKDW RI WKH &51�
)RU H[DPSOH� EUDQFKLQJ UHDFWLRQV ԡȯ DQG ԡɒ
ZLOO EH LGHQWLILHG RU LI ӻȃȯ � ӻɞȯ� WZR UH�
YHUVLEOH UHDFWLRQV UHVXOW IURP RQH� $ VLP�
SOH ZD\ �LW PD\ QRW EH WKH RQO\ RQH� WR SUH�
YHQW VXFK FRPSOLFDWLRQV LV WR UHTXLUH WKDW WKH
NLQHWLFV EH PD[LPDOO\ VSDQ VXUMHFWLYH� L�H�
WKH NLQHWLF FRPSOH[HV DUH SDLUZLVH GLVWLQFW�
7KLV K\SRWKHVLV KDV WZR LPPHGLDWH FRQVH�
TXHQFHV� ෭ DQG ෭ DUH QHFHVVDULO\ QRQ�
EUDQFKLQJ� &OHDUO\� DV LQ WKH PRQR�3/ FDVH�
ZH QHHG 3URSHUW\ �LL� IRU DOO UHDFWLRQV� H�J�ӻȃȯ � ӻɒɞ � ԥɒɞ� +HQFH� DQ H[WHQVLRQ RI WKH
SUHYLRXV UHVXOW WR 3<. V\VWHPV ZLWK ԗ � � LV
WKH IROORZLQJ�

3URSRVLWLRQ �� /HW ෭ � 	ෲ  
 EH D F\FOH
WHUPLQDO &51� DQG ᅻ ᅺ   ݂  WKH UHDFWDQW
DQG SURGXFWPDSV UHVSHFWLYHO\� )XUWKHUPRUH�

OHW Ԁ EH DQ LQWHJUDO SRO\�3/ NLQHWLFV ZLWK WKH
IROORZLQJ SURSHUWLHV�

L� Ԁ LV PD[LPDOO\ VSDQ VXUMHFWLYH�

LL� IRU HDFK Ԙ� ӻՎȯ � ӻՏՍ � ԐՏՍ	ԨՏ  ԨՏ
 IRUԙ ଈ Ԙ LII ᅺ	ԡՏ
 � ᅻ	ԡՎ
�
LLL� IRU HDFK Ԙ� ӻՎ	Տ�ȯ
 � ӻՎՏ � ԐՎՏ	ԨՎ  ԨՎ
 IRUԙ � � w  ԗ  ��
7KHQ WKH DVVRFLDWHG (�0$. V\VWHP෭ LV WKH
VHW RI NLQHWLF FRPSOH[HV RI DQ LQWHJUDO PRQR�
3/ V\VWHP ෭ � 	ෲ  
 ZKHUH  FRQVLVWV
RI WKH UHDFWLRQV ԡՎՏ  ԐՎՏԨՎ ݂ ԐՎՏԨՎ IRU HDFKԡՎ  ԨՎ ݂ ԨՎ LQ  DQG ԀՎՏ	ԧ
 � ȯՆՎՏ Ԁ	ԧ
�
+HQFH� ӯ � ӯ� ෭ DQG ෭ DUH LVRPRUSKLF
DV GLJUDSKV� DQG ෭ LV WKH Ԝ ԧ ԗԡ PDWUL[	ԃȯ ԃɞ w  ԃՓ
� ZKHUHԃՏ � ԃ ԓԘԐԖ	ԐՏ
� ԐՏ �	ԐՎՏ w  ԐՏ DQG ԀՏ � ԓԘԐԖ	 ȯՆՏ 
Ԁ�

3URRI� &RQGLWLRQ �L� LPSOLHV WKDW WKH NLQHWLF
FRPSOH[HV DUH SDLUZLVH GLVWLQFW� :LWK WKLV�෭ DQG ෭ DUH QHFHVVDULO\ QRQ�EUDQFKLQJ�
+HQFH� ӯ � ӯ�

'HILQH ᆂ  ෭ ݂ ZKHUH ᆂ	ӻՎՏ
 �ԐՎՏԨՎ� 8VLQJ FRQGLWLRQV �LL� DQG �LLL�� ZH KDYHᆂ	ԋ
 � ԋ  DQG ᆂ	Ӷ
 � Ӷ �ᆂ	
 � ��
+HQFH� ෭ அ ෭� :H QHHG FRQGLWLRQ �LL� DV
LQ WKH PRQR�3/ FDVH LQ 3URSRVLWLRQ ���

6LQFH ෭ LV DQ LQWHJUDO PRQR�3/ V\VWHP�
HYHU\ ԙՙՍWHUP LQ DQ LQWHJUDO SRO\�3/ NLQHW�
LFV RI HDFK UHDFWLRQ FRUUHVSRQGV WR ԃՏ �ԃ ԓԘԐԖ	ԐՏ
 ZKHUH ԐՏ � 	ԐՎՏ w  ԐՏ
� +HQFH�ԃ LV ԝ  ԗԡ PDWUL[ RI WKH IRUP 	ԃȯ ԃɞ ੈ ԃՍ
�
!

&RUROODU\ ���� )RU 3<. V\VWHPVZLWK ԗ � ��ᅮ � ᅮ � 	ԗ  �
ԝ � ᅮ�
3URRI� 2EVHUYH WKDWᅮ � ᅮ � ԝӯԢ � ԗԝӯԢ � 	ԗ�
ԝ�ᅮ�

!



CRACIUN’S E-MAK METHOD 0$*3$17$< (7 $/� ��

5HPDUN � 1RWH WKDW 3URSRVLWLRQ �� LV DQ H[�
WHQVLRQ RI 3URSRVLWLRQ �� IRU QRQEUDQFKLQJ෭ VLQFH Ԁ PD[LPDOO\ VSDQ VXUMHFWLYH LPSOLHV
WKDW LW LV VSDQ VXUMHFWLYH ZKLFK IRU &) V\VWHPV
LV HTXLYDOHQW WR ෭ QRQEUDQFKLQJ DQG Ԁ IDF�
WRU VSDQ VXUMHFWLYH� 1RWH DOVR WKDW IRU ԗ � ��ᅮ � 	�  �
ԝ � ᅮ � ᅮ�

6800$5< $1' &21&/86,21

7KH WRSLFV FRYHUHG LQ WKLV SDSHU DUH PRWL�
YDWHG E\ WKH IDFW WKDW SRO\�3/ NLQHWLFV JHQ�
HUDWH SRZHU ODZ G\QDPLFDO V\VWHPV� ZKLFK
YLD D PHWKRG LQWURGXFHG E\ *� &UDFLXQ FDQ
EH PDSSHG WR (0$. V\VWHPV XVLQJ (�JUDSK�
$ PDS IURP 3<. WR (0$. RU &UDFLXQ·V (�
JUDSK LV VKRZQ WR HVWDEOLVK VRPH QHWZRUN UH�
ODWLRQVKLSV� )URP WKLV� ZH LGHQWLI\ UHVXOWV RQ
SRVLWLYH HTXLOLEULD RI 3<. V\VWHPV EDVHG RQ
WKHLU (�JUDSK�(0$. UHSUHVHQWDWLRQV� 2XU
PDLQ VWUXFWXUDO UHVXOWV VKRZ WKH FRLQFLGHQFH
RI WKH VWRLFKLRPHWULF VXEVSDFHV RI WKH QHWZRUN
DQG LWV DVVRFLDWHG (�JUDSK DV ZHOO DV WKH FRQ�
VHUYDWLRQ RI WKH SRVLWLYH GHSHQGHQF\� ZKLFK
LV D QHFHVVDU\ FRQGLWLRQ IRU WKH H[LVWHQFH RI
SRVLWLYH HTXLOLEULD� $QDO\VLV ZHUH DOVR GRQH
RQ FDVHV ZKHUH WKH DVVRFLDWHG (�JUSDK LV W�
PLQLPDO DQG F\FOH WHUPLQDO�

$&.12:/('*(0(17

'00 DFNQRZOHGJHV WKH VXSSRUW IURP $F�
FHOHUDWHG 6FLHQFH DQG 7HFKQRORJ\ +XPDQ 5H�
VRXUFH 'HFHORSPHQW 3URJUDP �$67+5'3� RI
WKH 'HSDUWPHQW RI 6FLHQFH DQG 7HFKQRORJ\�
6FLHQFH (GXFDWLRQ ,QVWLWXWH�

5()(5(1&(6

$UFHR� &�3�3�� -RVH �(�&�� /DR� $�5� 	 0HQ�
GR]D� (�5� ������� 5HDFWLRQ QHWZRUNV
DQG NLQHWLFV RI ELRFKHPLFDO V\VWHPV�
0DWKHPDWLFDO %LRVFLHQFHV� ���� ��²���

$UFHR� &�3�3�� -RVH �(�&�� /DR� $�5� 	 0HQ�
GR]D� (�5� ������� 5HDFWDQW VXEVSDFHV
DQG NLQHWLFV RI FKHPLFDO UHDFWLRQ QHW�
ZRUNV� -RXUQDO RI 0DWKHPDWLFDO &KHP�
LVWU\� ������ ���²����

$UFHR� &�3�3�� -RVH �(�&�� /DR� $�5� 	
0HQGR]D� (�5� ������� &KHPLFDO UHDF�
WLRQ QHWZRUNV� )LOLSLQR FRQWULEXWLRQV WR
WKHLU WKHRU\ DQG LWV DSSOLFDWLRQV� 3KLOLS�
SLQH -RXUQDO RI 6FLHQFH� ��� ��� ��������

$UFHR� &�3�3�� -RVH �(�&�� /DR� $�5� 	 0HQ�
GR]D� (�5� ������� &KHPLFDO UHDFWLRQ
QHWZRUN DSSURDFKHV WR ELRFKHPLFDO V\V�
WHPV WKHRU\� 0DWKHPDWLFDO %LRVFLHQFHV�
���� ���²����

%RURV� %�2Q WKH SRVLWLYH VWHDG\ VWDWHV RI
GHILFLHQF\ RQH PDVV DFWLRQ V\VWHPV�
>8QSXEOLVKHG 'RFWRUDO 'LVVHUWDWLRQ�@
(RWYRV /RUDQG 8QLYHUVLW\�

%RURV� %� ������� ([LVWHQFH RI SRVLWLYH
VWHDG\ VWDWHV IRU ZHDNO\ UHYHUVLEOHPDVV
DFWLRQ V\VWHPV� -RXUQDO RQ 0DWKHPDWL�
FDO $QDO\VLV�

%UXQQHU� -� 	 &UDFLXQ� *� ������� 5REXVW
SHUVLVWHQFH DQG SHUPDQHQFH RI SRO\QR�
PLDO DQG SRZHU ODZ G\QDPLFDO V\VWHPV�
6,$0 -RXUQDO RQ $SSOLHG 0DWKHPDWLFV�
������ ��������

&RUWH]� 0�-�� 1D]DUHQR� $�1� 	 0HQGR]D�
(�5� ������� $ FRPSXWDWLRQDO DSSURDFK
WR OLQHDU FRQMXJDF\ LQ D FODVV RI SRZHU
ODZ NLQHWLF V\VWHPV� -RXUQDO RI 0DWKH�
PDWLFDO &KHPLVWU\� �� ���� ��������

&UDFLXQ� *� ������� 3RO\QRPLDO G\QDPLFDO
V\VWHPV� UHDFWLRQ QHWZRUNV� DQG WRULF
GLIIHUHQWLDO LQFOXVLRQV� 6,$0 -RXUQDO
RQ $SSOLHG $OJHEUD DQG *HRPHWU\� �����
��²����

&UHVVPDQ� 5� 	 7DR� <� ������� 7KH UHSOLFD�
WRU HTXDWLRQ DQG RWKHU JDPH G\QDPLFV�
3URFHHGLQJV RI WKH 1DWLRQDO $FDGHP\ RI
6FLHQFHV � ����������� �����²������
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)DULQDV� +�)�� 0HQGR]D� (�5� 	 /DR� $�5�
������� 6SHFLHV VXEVHWV DQG HPEHGGHG
QHWZRUNV RI 6�V\VWHPV� 6XEPLWWHG�

)HLQEHUJ� 0� ������� /HFWXUHV RQ FKHP�
LFDO UHDFWLRQ QHWZRUNV� 1RWHV RI OHF�
WXUHV JLYHQ DW WKH 0DWKHPDWLFV 5H�
VHDUFK &HQWHU RI WKH 8QLYHUVLW\ RI :LV�
FRQVLQ �����

)HLQEHUJ� 0� ������� &KHPLFDO UHDFWLRQ
QHWZRUN VWUXFWXUH DQG WKH VWDELOLW\ RI
FRPSOH[ LVRWKHUPDO UHDFWRUV� ,�7KH GH�
ILFLHQF\ ]HUR DQG GHILFLHQF\ RQH WKHR�
UHPV� &KHPLFDO (QJLQHHULQJ 6FLHQFH�
��� ����������

)HLQEHUJ� 0� 	 +RUQ� )�-�0� ������� &KHPL�
FDO PHFKDQLVP VWUXFWXUH DQG WKH FRLQFL�
GHQFH RI WKH VWRLFKLRPHWULF DQG NLQHWLF
VXEVSDFHV� $UFKLYHV IRU 5DWLRQDO 0H�
FKDQLFV DQG $QDO\VLV ��� ������

)RUWXQ� 1�� /DR� $�� 5D]RQ� (� 	0HQGR]D� (�
������� $ GHILFLHQF\ ]HUR WKHRUHP IRU D
FODVV RI SRZHU ODZ NLQHWLF V\VWHPV ZLWK
LQGHSHQGHQW GHFRPSRVLWLRQV� 0$7&+�
&RPPXQ�LFDWLRQV LQ 0DWKHPDWLFDO DQG
LQ &RPSXWHU &KHPLVWU\� ��� ��������

)RUWXQ� 1�7�� /DR� $�5�� 5D]RQ� /�)� 	 0HQ�
GR]D� (�5� ������� 0XOWLVWDWLRQDULW\
LQ (DUWK�V 3UH�LQGXVWULDO &DUERQ &\FOH
0RGHOV� 0DQLOD -RXUQDO RI 6FLHQFH ���
������

)RUWXQ� 1�7�� 0HQGR]D� (�5�� 5D]RQ� /�)�
	 /DR� $�5� ������� $ 'HILFLHQF\ 2QH
$OJRULWKP IRU 3RZHU LQ /DZ .LQHWLF
6\VWHPV ZLWK 5HDFWDQW�'HWHUPLQHG ,Q�
WHUDFWLRQV� -RXUQDO RI 0DWKHPDWLFDO
&KHPLVWU\� �� ����� ����������

)RUWXQ� 1�7�� 0HQGR]D� (�5�� 5D]RQ� /�)� 	
/DR� $�5� ������� 5REXVWQHVV LQ SRZHU
ODZ NLQHWLF V\VWHPV ZLWK UHDFWDQW�
GHWHUPLQHG LQWHUDFWLRQV� 3URFHHGLQJV
RI WKH -DSDQ &RQIHUHQFH RQ *HRPHWU\�

*UDSKV DQG *DPHV ����� /HFWXUH 1RWHV
LQ &RPSXWHU 6FLHQFH�

*HUGW� 9�3�� .RHSI� :�� 6HLOHU� :�0�� 	
9RUR]KWVRY� (�+� �(GV��� *HQHUDOL]HG
0DVV $FWLRQ 6\VWHPV DQG 3RVLWLYH 6ROX�
WLRQV RI 3RO\QRPLDO (TXDWLRQV ZLWK 5HDO
DQG 6\PEROLF ([SRQHQWV� 3URFHHGLQJV
RI &$6& ����� /HFWXUH 1RWHV LQ &RP�
SXWHU 6FLHQFH� ����� ��������

*URVV� (�� +DUULQJWRQ� +�� 0HVKNDW� 1� 	
6KLX� $�-� ������� -RLQLQJ DQG GHFRP�
SRVLQJ UHDFWLRQ QHWZRUNV� 6XEPLWWHG�

*XEHUPDQ� 0�� $OWVFKXOHU� 6� 	 :X� /�
������� 0DVV DFWLRQ UHDFWLRQ QHWZRUNV
DQG WKH GHILFLHQF\ ]HUR WKHRUHP� 8Q�
SXEOLVKHG XQGHUJUDGXDWH WKHVLV� +DU�
YDUG 8QLYHUVLW\�

+HUQDQGH]� %�� 0HQGR]D� (� 	 GH ORV 5H\HV
$� ������� $ FRPSXWDWLRQDO DSSURDFK WR
PXOWLVWDWLRQDULW\ LQ SRZHU ODZ NLQHWLF
V\VWHPV� 6XEPLWWHG

+RUQ� )� 	 -DFNVRQ� 5� ������� *HQHUDO PDVV
DFWLRQ NLQHWLFV� $UFKLYHV IRU 5DWLRQDO
0HFKDQLFV DQG $QDO\VLV� ��� ���²����

-RKQVWRQ� 0�'� ������� 7UDQVODWHG &KHP�
LFDO 5HDFWLRQ 1HWZRUNV� %XOOHWLQ RI
0DWKHPDWLFDO %LRORJ\� ��� ����������

-RKQVWRQ� 0�'�� 6LHJHO� '� 	 6]HGHUNHQ\L�
*� ������� '\QDPLF (TXLYDOHQFH DQG
/LQHDU &RQMXJDF\ RI &KHPLFDO 5HDFWLRQ
1HWZRUNV� 1HZ 5HVXOWV DQG 0HWKRGV�
0$7&+� &RPPXQLFDWLRQV LQ 0DWKH�
PDWLFDO DQG &RPSXWHU &KHPLVWU\� ���
��������

0HQGR]D� (�5�� 7DODELV� '�$�6�-� 	 -RVH�
(�&� ������� 3RVLWLYH HTXLOLEULD RI
ZHDNO\ UHYHUVLEOH SRZHU ODZ NLQHWLF V\V�
WHPV ZLWK OLQHDU LQGHSHQGHQW LQWHUDF�
WLRQV� -RXUQDO RI 0DWKHPDWLFDO &KHP�
LVWU\� �����������������
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1D]DUHQR� $�� (FODULQ� 5�3�� 0HQGR]D� (�
	 /DR� $� ������� /LQHDU FRQMXJDF\ RI
FKHPLFDO NLQHWLF V\VWHPV� 6XEPLWWHG�

6KLQDU� *� 	 )HLQEHUJ� 0� ������� 'HVLJQ
SULQFLSOHV IRU UREXVW ELRFKHPLFDO UHDF�
WLRQ QHWZRUNV� :KDW ZRUNV� ZKDW FDQ�
QRW ZRUN� DQG ZKDW PLJKW DOPRVW ZRUN�
0DWKHPDWLFDO %LRVFLHQFHV� ������� ��²
���

7DODELV� '�$�6�-�� $UFHR� &�3�3� 	 0HQGR]D�
(�5� ������� 3RVLWLYH HTXLOLEULD IRU D
FODVV RI SRZHU�ODZ NLQHWLFV� -RXUQDO RI
0DWKHPDWLFDO &KHPLVWU\� ������ ���²
���

7DODELV� '�$�6�-�� 0DJSDQWD\� '�0�� 0HQ�
GR]D� (�5�� 1RFRQ� (�*� 	 -RVH� (�&�
������� &RPSOH[ EDODQFHG HTXLOLEULD RI
ZHDNO\ UHYHUVLEOH SRO\�3/ NLQHWLF V\V�
WHPV DQG HYROXWLRQDU\ JDPHV� 0$7&+�

&RPPXQLFDWLRQV LQ 0DWKHPDWLFDO DQG
&RPSXWHU &KHPLVWU\ ��� ��������

7DODELV� '�$�6�-�� 0HQGR]D� (�5� 	 -RVH�
(�&� ������� &RPSOH[ EDODQFHG HTXLOLE�
ULD RI ZHDNO\ UHYHUVLEOH SRZHU ODZ NL�
QHWLF V\VWHPV ZLWK OLQHDU LQGHSHQGHQW
LQWHUDFWLRQV� -RXUQDO RI 0DWKHPDWLFDO
&KHPLVWU\� ������ ����������

9HOR]� 7�� 5D]HWR�%DUU\� 3�� 'LWWULFK� 3� 	
)DMDUGR� $� ������� 5HDFWLRQ QHWZRUNV
DQG HYROXWLRQDU\ JDPH WKHRU\� -RXUQDO
RI 0DWKHPDWLFDO %LRORJ\� ��� ��������

:LXI� &� 	 )HOLX� (� ������ 3RZHU�ODZ NL�
QHWLFV DQG GHWHUPLQDQW FULWHULD IRU WKH
SUHFOXVLRQ RI PXOWLVWDWLRQDULW\ LQ QHW�
ZRUNV RI LQWHUDFWLQJ VSHFLHV� 6,$0
-RXUQDO RQ $SSOLHG '\QDPLFDO 6\VWHPV�
��� ��������� �
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$SSHQGL[

/LVW RI $FURQ\PV

&) FRPSOH[ IDFWRUL]DEOH
&.6 FKHPLFDO NLQHWLF V\VWHP
&51 FKHPLFDO UHDFWLRQ QHWZRUN
&517 FKHPLFDO UHDFWLRQ QHWZRUN WKHRU\
'=7 GHILFLHQF\ ]HUR WKHRUHP
(0$. HPEHGGHG PDVV DFWLRQ NLQHWLFV
)6. IDFWRU VSDQ VXUMHFWLYH
0$. PDVV DFWLRQ NLQHWLFV
2'( RUGLQDU\ GLIIHUHQWLDO HTXDWLRQV
32. SRO\QRPLDO NLQHWLF V\VWHP
3/'. SRO\QRPLDO G\QDPLFDO V\VWHPV
3/. SRZHU ODZ NLQHWLFV
3/�(6. SRZHU�ODZ (0$. VLPLODU NLQHWLFV
3/�1'. SRZHU�ODZ QRQ�UHDFWDQW GHWHUPLQHG NLQHWLFV
3/�5'. SRZHU�ODZ UHDFWDQW GHWHUPLQHG NLQHWLFV
36. SRZHU ODZ NLQHWLFV V\VWHP
3<. SRO\�3/ .LQHWLFV
5,' UDWH FRQVWDQW�LQWHUDFWLRQ PDS�GHFRPSRVDEOH
5'. UHDFWDQW GHWHUPLQHG NLQHWLFV
6)5) VSHFLHV IRUPDWLRQ UDWH IXQFWLRQ

/LVW RI 6\PEROV

	ԃ Ԁ
 &KHPLFDO .LQHWLF 6\VWHPӶՐ /DSODFLDQ PDSӶՐ  /DSODFLDQ PDS �(�JUDSK�Ӷ	ӹ
 VHW RI DUFVӹ 'LJUDSKӺ�	ԃ Ԁ
 6HW RI SRVLWLYH HTXLOLEULDӻ .LQHWLF 2UGHU 0DWUL[ӾՆ ,QFLGHQFH PDSӾՆ  ,QFLGHQFH PDS �(�JUDSK�Ԁ .LQHWLFV RI D &51Ԁ .LQHWLFV RI D &51 �(�JUDSK�ԀՎՏ UDWH IXQFWLRQԃ 6WRLFKLRPHWULF PDSԇ 5HDFWDQW 6XEVSDFH
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Ԉ 6WRLFKLRPHWULF 6XEVSDFHԈ 6WRLFKLRPHWULF 6XEVSDFH �(�JUDSK�ԋ 	ӹ
 VHW RI YHUWLFHVԎ 0DS�PDWUL[ RI FRPSOH[HVԎ 0DS�PDWUL[ RI FRPSOH[HVԏ�	ԃ Ԁ
 6HW RI SRVLWLYH EDODQFHG VWHDG\ VWDWHVᅮ 'HILFLHQF\ RI D &51ᅮᆥ 5HDFWDQW 'HILFLHQF\ᅮᆥ  5HDFWDQW 'HILFLHQF\ �(�JUDSK�ӯ 1XPEHU RI OLQJNDJH FODVVHV 6HW RI FRPSOH[HV෪ 7\SH RI 5,' .LQHWLFV 6HW RI UHDFWLRQVෲ 6HW RI VSHFLHVԃ � ෲ  
 &KHPLFDO 5HDFWLRQ 1HWZRUNᅺ 3URGXFW PDSᅻ 5HDFWDQW PDSᅽ	ԃ
 � ԣ  ӯ WHUPLQDOLW\ RI WKH QHWZRUNᅽ	Ӽ
 � ԣ  ӯ WHUPLQDOLW\ RI WKH QHWZRUN �(�JUDSK�င	ԃ
 UDQN GLIIHUHQFHင	Ӽ
 UDQN GLIIHUHQFH �(�JUDSK�Ԙ ݂ ԙ RU 	Ԙ ԙ
 Ԙ UHDFWV WR ԙԔ (GJH LQ (�JUDSKԚ 5DWH YHFWRUԜ 1XPEHU RI VSHFLHVԝ 1XPEHU RI FRPSOH[HVԝ 1XPEHU RI FRPSOH[HV �(�JUDSK�ԝ 1XPEHU RI UHDFWDQWVԟԶ SDUDPHWHU PDSԠ 5HDFWDQW 5DQNԡ 1XPEHU RI UHDFWLRQVԡ 1XPEHU RI UHDFWLRQV �(�JUDSK�Ԣ 5DQN RI D &51Ԣ 5DQN RI D &51 �(�JUDSK�Ԣӯ 1XPEHU RI VWURQJ OLQNDJH FODVVHVԢӯ 1XPEHU RI VWURQJ OLQNDJH FODVVHV �(�JUDSK�Ԣ	Ԕ
 6RXUFH 9HUWH[ LQ (�JUDSKԣ	Ԕ
 7DUJHW 9HUWH[ LQ (�JUDSKԣ 1XPEHU RI WHUPLQDO VWURQJ OLQNDJH FODVVHVԣՈ QXPEHU RI F\FOH�WHUPLQDO FODVVHVԣՕ QXPEHU RI SRLQW�WHUPLQDO FODVVHVԥ	Ԕ
 (GJH 9HFWRU LQ (�JUDSK




